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1 Introduction

The HG-A test is located in the Mont Terri Rock Laboratory, near Saint Ursanne (Jura,
Switzerland). It consists of a horizontal borehole of 1.00 m of diameter and 13.00 m of length
excavated in the ultra-low permeable Opalinus clay. During the tunnel drilling, the Opalinus
clay near the tunnel wall was damaged, giving rise to an EDZ (Excavation Damaged Zone)
around the tunnel. After drilling the tunnel, a steel liner was placed along the 6.00 m close to
the tunnel mouth (the liner section) in order to guarantee the tunnel stability. Then, the last
4.00 m at the tunnel end (the test section) were backfilled with gravel. Finally, along the
remaining 3.00 m (the megapacker section), an inflatable rubber packer, similar to those used
to isolate intervals in a borehole but of 1.00 m in diameter (the megapacker), was installed
and inflated, thereby compressing the EDZ that was created during the tunnel excavation. The
test section was filled with de-aired water and care was taken in order to eliminate the air
from this tunnel section. Subsequently, a series of water and gas injection tests were carried
out with varying megapacker pressure, whereby water or gas was injected into the test section
and, due to the very low permeability of the intact Opalinus clay, forced to flow back along
the EDZ. A description of the HG-A in situ test, including installation and operation, a
characterisation of the EDZ induced around the tunnel and results obtained from this test may
be found in Marschall et al. (2006), Marschall et al. (2008) and Lanyon et al. (2008). Gas
transport properties of the Opalinus clay may are presented in Marschall et al. (2005). Details
of the instrumentation of the HG-A in-situ test are given in Trick et al. (2007).

The formation of the EDZ due to the tunnel excavation has been previously modeled using a
3D finite numerical model using code bright (a finite element code developed at the
Geotechnical Engineering Department of the UPC), whereby an anisotropic linear elastic
material coupled with a constant anisotropic intrinsic permeability was used to model the
Opalinus clay. In order to model the water and gas flow through the EDZ, we have followed a
two-track approach. On the one hand, a 2D axisymmetric numerical model using code_bright
has been made. On the other hand, a 1D analytical-numerical model has been developed and
implemented in an Excel spreadsheet, whereby the field equations defined on a 1D
geometrical domain are numerically solved using the finite element method. The 1D model
has been used in order to calibrate the 2D axisymmetric model. In this report, the 1D model
will be described in detail, and some of their results will be shown.

It should be mentioned that, from the point of view of the formulation leading to the field
equations, the differences between the 1D model and the 2D axisymmetric model using
code_bright are essentially the simplifying assumptions whereas, from the numerical point of
view, the numerical solution of the 1D model follows more closely the standard Galerkin
approach that is frequently used in the Finite Element Method.
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2 Modelling approach

The modelling approach in based on Olivella et al. (1994). Both the Opalinus clay and the
EDZ will be considered to be porous media, with a solid phase (with one species: clay), a
liquid phase (with two species: water and air) and a gas phase (with two species: water and
air). In principle, balance of mass, momentum and energy should be established for the
various species in the various phases present in the porous medium. However, equilibrium
restrictions and constitutive relations will allow dropping some of them.

Exchanges of both species water and species air between the liquid phase and the gas phase
will be allowed. However, it will be assumed that they are always in equilibrium. It will be
assumed that motions are slow so that terms involving accelerations and products of velocities
may be neglected. Finally, it will be assumed that temperature remains constant everywhere.

By combining the balance equations, the equilibrium restrictions and the constitutive
relations, we get the field equations with the displacement vector of the solid phase u,, the

pressure of the liquid phase p, and the pressure of the gas phase p, as unknown functions of
the space position and time.

2.1 Balance equations for a porous material with two fluid phases

Balance equations are general equations (independent of constitutive assumptions) stating
fundamental physical principles concerning mass, momentum and energy

e Balance of mass

As explained later, due to the assumption of phase change equilibrium, the balance of mass
needs only be considered for the solid phase, for the species water and for the species air

g{ps(l—¢)}+div{ps(1_¢)vs}=o (2.1)

a W w H 4 w W w w w
a{a)l pSigtag p S gH+diif" + o pg, + 17 + @) py0y + (@S, oy + &S p )PV} =0 (2.2)

%{a)laplSl¢+a)gapgSg¢}+diV{i|a +o oG + g +@yp,d, + (@S, 0, + @'Sp)Pv}=0  (2.3)

where p, is the density of the solid phase, p, is the density of the liquid phase, p, is the
density of the gas phase, ¢ is the void ratio, S, and S, are the degree of saturation of the
liquid phase and of the gas phase, v, is the velocity of the solid phase, @' and @ are the
mass fractions of species water and of species air in the liquid phase, o, and @} are the mass
fractions of species water and of species air in the gas phase, g, and g, are the volume fluxes
of the liquid phase and of the gas phase with respect of the solid phase (g, = ¢S, (v, —v,) and
d, =#S,(v, —V,), where v, and v, are the velocities of the liquid phase and of the gas
phase), i and i/ are the mass fluxes with respect to the liquid phase of the species water in
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the liquid phase and of the species air in the liquid phase (i = p,»"¢S,(v," —v,) and
i" = pa’¢S,(vi —v,), where v," and v;' are the velocities of the species water in the liquid
phase and of the species air in the liquid phase) and i;' and i; are the mass fluxes with

respect to the gas phase of the species water in the gas phase and of the species air in the gas
phase (i =p,0,¢S,(vy —Vv,) and is=p a;pS,(vg—V,), Where v, and v; are the
velocities of the species water in the liquid phase and of the species air in the liquid phase).

The balance of mass of the solid phase (2.1) may be integrated, obtaining
‘]Sps(l_¢)=pso(1_¢o)1 (24)

where J° is the Jacobian of the motion of the solid phase, p! is the density of the solid phase

at the corresponding point in the reference configuration and ¢° is the porosity at the
corresponding point in the reference configuration. Using the relation (small strains)

‘]s = 1+ gs,vol (25)
we arrive to
1+ &) 0 A= 9) = ) (1-¢°) . (2.6)

Because of the assumption of equilibrium of the exchange of the species water and of the
species air between the liquid phase and the gas phase, the balance of mass for the species
water in the liquid phase, the balance of mass for the species air in the liquid phase, the
balance of mass for the species water in the gas phase and the balance of mass for the species
air in the gas phase are not needed. However, they allow calculating the mass rates of
exchange of the species water and of the species air between the liquid phase and the gas
phase, as shown below.

e Balance of momentum

If motions are slow, then the balance of momentum for the porous medium as a whole reads
dive+pg =0, (2.7

where o is the (total) stress tensor of the porous medium, p is the (total) density of the
porous medium (o =(1—¢)p, +¢S,p, + #S,p,) and g is the gravity acceleration .

The balance of momentum for the liquid and the gas phases will be replaced by generalized
Darcy’s laws appropriate for unsaturated materials. These laws correspond to the balance of
momentum for the liquid phase and for the gas phase and to constitutive assumptions for the
stress tensors of each of these phases and for the exchange of momentum of each of these
phases with the other phases. They are presented with the constitutive relations. The balance
of momentum of the solid phase may be obtained by noting that the sum of the balance of
momentum for the solid phase, for the liquid phase and for the gas phase is the balance of
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momentum for the porous medium as a whole (2.7), whereby the assumption of slow motions
Is taken into account.

The balance of momentum for the species water and for the species air in the liquid phase and
in the gas phase will be replaced by Fick’s laws. These laws correspond to the balance of
momentum for the species water and the species air in the liquid phase and in the gas phase
and to constitutive assumptions for the stress tensors of the species water and the species air
in the liquid phase and in the gas phase and for the exchange of momentum of each of these
two species in each of these two phases with the other species in the other phases.

The sum of the balance of momentum of the species water and of the species air in the liquid
phase is the balance of momentum of the liquid phase, taking into account the assumption of
slow motions. Similarly, the sum of the balance of momentum of the species water and of the
species air in the gas phase is the balance of momentum in the gas phase, taking into account
the assumption of slow motion.

e Balance of energy

Because of the assumption that temperature is everywhere constant, the various balances of
energy are not needed.

2.2 Equilibrium restrictions
The processes considered are restricted by certain constraints placed on some variables of the

porous medium implied by the assumption of slow motions. The equilibrium conditions
considered are: mechanical equilibrium, thermal equilibrium and phase change equilibrium.

e Mechanical equilibrium

Due to the assumption of slow motion, inertial terms and terms involving the product of
velocities are neglected in the balance of momentum equations.

e Thermal equilibrium

We assume that the exchanges of energy between the various species in the various phases are
much faster than the evolution of the porous medium, thereby implying that at any space point
and time instant their temperatures are equal. Furthermore, we assume that the evolution of
the porous medium takes places under isothermal conditions.

¢ Phase change equilibrium

We assume that species water and species air are in equilibrium with respect to phase changes
between the liquid phase and the gas phase. In this regard, we will assume that the
psychrometric law and Henry’s law hold

M _(pg - pI)MW
Y0y = Pao(T)———2L——e and .
@5 Py = PooT) pors ey Xp(R(273.15+T)p, 28)
.. R@27315+T
w = (a)g pg)ﬁ, (2-9)

w
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where M, =0.018kg/mol is the molar mass of water, M, =0.02895kg/mol is the molar
mass of air, R=8.3144521x10"° MPa-m®/(°K -mol) is the ideal gases constant, T is the
temperature in °C, H =10"MPa is Henry’s constant and Pyo(T) is the water vapour

pressure in equilibrium with liquid water through a planar surface, whose expression has been
taken to be

(2.10)

pyo(T) :136075exp( 52397 j ,

273.15+T
where pg,(T) isin MPaand T is in °C.

Due to the assumed phase change equilibrium, the exchanges of the species water and of the
species air between the liquid phase and the gas phase may be computed by establishing the
balances of mass of species water in the liquid phase, the balance of species air in the liquid
phase, the balance of species water in the gas phase and the balance of species air in the gas
phase

£ {0l p SV + ol + 'S p v} = B (2.11)
%{a);',ogSggzﬁ}+div{igv + @y pyd, +@y'S,p,dV }= 1", (2.12)
%{co,‘"‘p,S,¢}+div{i,a +a)p0 +o'S pov.y=f* and (2.13)
%{wé‘pgSg(,15}+div{i;1 +ag Py, +@g S, p V3= T, (2.14)

where f" and f" are the mass rates of species water being converted to the liquid and gas

phases (equations (2.11), (2.13) and the balance of the species water (2.2) imply
f"+f"=0) and f* and f are the mass rates of species air being converted to the liquid

and gas phases (equations (2.12), (2.14) and the balance of the species air (2.3) imply
f*+f=0).

2.3 Constitutive relations

Constitutive relations characterize the material properties of the components of the considered
porous medium as well as their interactions.

e Constitutive relations for the porous medium

The water retention curve determines the degree of saturation S, of the porous medium as a
function of the pressure of the liquid phase p, and the pressure of the gas phase p,.We have

used van Genuchten’s water retention curve
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Py =P |
1+ 22—
S, = [ R j P> B J (2.15)

where 4 (0<A<1) is a model parameter and P, (P, >0) depends on the intrinsic
permeability k according to the expression

R=—7 2.16
"T Yk (2.16)
where C (C >0) is a constant. In order to determine this constant, we use the expression

C = I:)Omatrix \fs kmatrix ! (217)

and Kk, are the values of P, and k for the matrix of the material, that is,
without cracks (see equation (2.22) below).

where P

0 matrix

We use a generalization of Darcy’s law to unsaturated conditions for the motion of the liquid
and gas phases with respect to the solid phase.

| =— krI (Sl)k(gvol) [

grad(p,)—p,g] and (2.18)

- _ krg (Sg)k(gvol) ':

grad(p,) - p,9], (2.19)

9
g

where the relative permeabilities of the liquid and gas phases are given by

ki(S)=S"[1-@-s¥)* T  and (2.20)
k,(S,)=AS,", (2.21)

where 4, n, and A, are model parameters and the intrinsic permeability, as proposed in

Olivella et al (2008), is assumed to be isotropic and given by the sum of the contributions
from the matrix (uniform flow) and from the cracks (Poiseuille flow depending on the crack
aperture)

() =Ko + o= [0 )T @22)

where k is the constant matrix permeability, a is the mean spacing between cracks and

defined by

matrix

b(e,,) denotes the crack aperture as a function of &

vol
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b0 gvol < SvoIO
b(gvol) = bO + (gvol - gvolo)a Syolo < Eyol = Eporo T (bmax _bo) la (223)
bmax Evoro T (bmax - bO) la< Evol

where ¢, is the volumetric deformation at which the crack aperture starts increasing, b, is
the minimum crack aperture, b, is the maximum crack aperture and a is the mean spacing

between cracks.

X

The dependency of the intrinsic permeability on the crack aperture, which is related to the
volumetric deformation of the porous medium, is very important for the modelling of the
HG-A test. Figure 2-1 below shows an example of the dependency of the intrinsic
permeability (in logarithmic scale) and of the crack aperture with the volumetric deformation,
whereby the parameters have values suitable for the HG-A test. Note the large variations in
the intrinsic permeability induced by the volumetric deformations.

Strain-dependent permeability law —Dbh —kK
1.20E-05 1.00E-12
— - 1.00E-13
__ 1.00E-05 // L
é / / - 1.00E-14 £
®  8.00E-06 >
5 / - 1.00E-15 =
= Qo
S G / ®
= 6.00E-06 1.00E-16 (]
[ / §
5 —_— / - 1.00E-17 o
5 4.00E-06 / 5
E / - 1.00E-18 @
2.00E-06 =
/@/ - 1.00E-19 =
0.00E+00 1.00E-20
(90} ™ o ™ ™ ™ ™ N N
o o o o (ID o o o o
w L H w w w w L w
o o o) o o o o o N
< o o o < © o0 i —

Strain [-]

Figure 2-1. Evolution of the crack aperture (left) and of the intrinsic permeability (right, in

logarithmic scale) as a function of volumetric deformation (k. =107'm?, b, =10"m,
b =10"m, a=10"°m, ¢, =-10"). Circles indicate the initial state, at £ =0.

vol0

Finally, we use Fick’s law for the motion of the water and gas species with respect to the
liquid and gas phases.

i =—-p,(#S,D"l + D))grad(e«")  (negligible term with respect to conduction) (2.24)
i =—p,(¢S,Df1 + D))grad(w®)  (important term) (2.25)
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i = —p, (#5,D"I + D})grad (w") (2.26)
i? =—p, (¢#S,D71 + D} )grad (), (2.27)

where the diffusion coefficients of the water species in the liquid and gas phases are given by

w_ Ma _Q|
B =br=b eXp( R(273.15+T)J (2.28)

> (273.15+T)™

DY=D?%=
g g g P,

(2.29)

where D, and Q, (resp. D, and Q, ) are model parameters for the liquid (resp. gas) phase and
the dispersion tensors are given by

[ 1 H 1
D/ =d;|q | 1+(d —d.‘)mqI ®q, (in 1D flow, Dle, =d, |q, |e,) (2.30)
|

’ 1 H !
D! =d;|q, |1 +(d, —d;)@qg ®q,, (in1Dflow, Dje,=d;|q, |e,) (2.31)

where d/ and d (resp. d; and d;) are the longitudinal and transversal dispersivity
coefficients of the liquid (resp. gas) phase.

¢ Constitutive relations for the solid phase

It has been assumed that the solid phase has only one species. The solid phase has been
assumed to be incompressible

P, =const . (2.32)

e Constitutive relations for the liquid phase
The liquid phase has also been assumed to be a mixture of two species (water and dissolved

air). However, their properties have been assumed to be independent of the amount of
dissolved air. It has been assumed that the liquid phase is incompressible.

p,(T) =1002.6exp(~0.00024T) (2.33)
14(T) =2.1x10"2 exp(1808.5/ (273.15+T)) (2.34)

where p, isinkg/m®, g (T)isin MPasand T isin °C.

e Constitutive relations for the gas phase
The gas phase has been assumed to be a mixture of two species (water vapour and air). It has

been assumed that each species (water vapour and dry air) is an ideal gas and that Dalton’s
law holds.

10
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1y (T) =1.48x107/(273.15+T) / (1+119/(273.15+T)) (2.35)
P, = P2+ py Dalton’s law (2.36)
Py = @5 P, % ideal gas law for dry air (2.37)

a

w_ w. R(273.15+T)
pg_a)gpg M

w

ideal gas law for water vapour (2.38)

where 4, (T) isin MPasand T isin °C.

e Constitutive relations for the solid skeleton
Finally, we will also assume that a generalized form of Terzaghi’s effective stress principle

holds and the deformation stress tensor of the solid phase & depends on the total stress tensor
o, the liquid phase pressure p, and the gas phase pressure p, through the effective stress

tensor ¢’ defined (using the continuum mechanics sign convention) by the expression.
o=o0c+p*l, (2.39)
where the effective fluid pressure is defined by

p* =max(p, p,)- (2.40)

The solid skeleton will be assumed to be an isotropic linear poroelastic material obeying to
Hooke’s law. In a Cartesian coordinate system oriented along the common principal
directions of the stress and strain tensors, Hooke’s law reads

1
& = E(Aal' —vAo, —vAcy)
1 ) ! ! ! !
&, =E(—VA01+A02 —vAoy) (2.41)

1
& = = (—vAo, —vAo, +Acy,),

where E' is the effective Young’s modulus and v’ is the effective Poisson’s ratio. We will
assume that —1<v' <1/2, so that Hooke’s law (2.41) is invertible.

2.4 Field equations
Combining the balance equations, the equilibrium restrictions and the constitutive relations

we get a system of differential equations with the displacement vector of the solid skeleton
u,, the pressure of the liquid phase p, and the pressure of the gas phase p, as unknown

functions of the space position and time.

The balance of mass of the solid phase (using p, =const ) and the balance of water mass read

11
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%+div(¢vs) =div(v,) (2.42)
a W S + W S W S + W S a¢ +d H W W w
¢a(a)l pl | a)gpg g)+(a)l pl | a)gpg g)g IV(II +Cl)| plq|+|g +a)gpgqg) (243)
@y Sy, +@"S p)div(gv)+(gv,)grad (w,'S, p, + @S p) =0
Combining these equations, we get
O (" S,tw, p,S d(o"pS o, p,S
¢ a(a)l pl |+a)gpg g)+vsgra (a)l pl |+a)gpg g) + (244)
+(a)|WpISI +a)gvpgsg)div(vs)+div(ilw +a)lwplql + I;N +a)gvpgqg) = O
Neglecting the second term and using the relation (small strains)
0
div(v,) = Lo (2.45)
we arrive to
a w w w w 8‘c"s,vol
¢a(a)| PS @y pSy) + (@) S+ @y pyS,) ot (2.46)

+div(i)' + 0" p,q, + ié“ +a)gvpgqg) =0

Similarly, the balance of mass of the solid phase (using p, =const) and the balance of air
mass, yield

ags,vol
ot (2.47)

a a a a a
¢a(a’| PiS tagpySy) +(ay' Sty py Sy )
+div(i’ + o pq, +i5 +w;p,q,) =0

On the other hand, using p, = const in the integrated form (2.6) of the balance of mass of the
solid phase, we arrive to

1-¢°
1—d=
¢ 1+¢

(2.48)

s,vol

This relation allows to express the porosity ¢ as a function of the derivatives of the
displacement vector of the solid phase u,.

Therefore, upon using the rest of the balance equations, the equilibrium restrictions and the
constitutive relations, the balance of mass of the species water, the balance of mass of the
species air and the balance of momentum of the porous medium

12
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P 08, ol
— (0" p,S,+@" p.S )+ (0" p,S,+@" p.S -
¢8t(a)l PS tag pgSy)+ (o pS tay pyS,) ot (2.49)
+div(i) + " p,q, +i; + o, p,d,) =0
P O, vl
— (&} p S +@p,S,) + (0 p,S+a]p,S,) —=
§— (0P8 +0[0,S,) + (0 pS +0] P, ;) — (2.50)
+div(i} + o pa, +i; + @] p,0,) =0

may be written in terms of the displacement vector of the solid skeleton u,, the pressure of
the liquid phase p, and the pressure of the gas phase p, and their partial derivatives.

Appendix Al shows the expressions of some of the functions appearing in these equations as
functions of the liquid phase p, and on the pressure of gas phase p, and their first partial

derivatives.

This system of differential equations in the unknown functions ug, p, and p, will be

referred to as the system of field equations. In order to solve this system of differential
equations, suitable initial and boundary conditions reflecting the conditions of the HG-A test
must be provided. Once the unknown functions are determined as a function of the space
point and of time, all the functions of interest are found from them

2.5 Transition between saturated and unsaturated states

As already mentioned, the unknown functions u,, p, and p, are defined at every point of the

geometrical domain and at all times and are found by solving the system of field equations
with suitable initial and boundary conditions.

On the other hand, using the psychrometric law and Henry’s law as equilibrium restrictions
(stating the phase change equilibrium of water species and of air species between a gas phase
and a liquid phase made of these two species), the ideal gases law for the water vapor, the

ideal gases law for dry air and Dalton’s law, it is possible to express p,, o,, @, and w; asa
function of p,, p,, ®" and @ or, conversely, to express p,, p,, @" and @’ as a function
of p,, p,, @, and &y .

We note that the water retention curve is a continuous function S, = f(p, —p,) such that
S, =1 (saturated state) if and only if p, <p, and S, <1 if and only if p, > p,. This has the
following consequences

e Mechanical. The effective fluid pressure p*= f(p,, p,) is a continuous function of p,
and p,, such that p*=p, if and only if p, <p, and p*=p, if and only if p, > p,.
Consequently, the effective stress tensor ¢’ is Terzaghi’s effective stress tensor o+ p, | if
and only if p, < p, and is the net stress tensor o+ p,1 ifand only if p, > p,.

13
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e Hydraulic. The relative permeability of the gas phase is a continuous function
k,=f(@-S5)) of S, suchthat k=0 ifand onlyif S =1.If S, =1, then Darcy’s law for

the gas phase yields g, =0. The mechanical dispersion tensor of the gas phase is a
continuous function D' = f(qg) such that D', =0 when g, =0. Finally, if g, =0 then
Fick’s law for the water species and for the air species in the gas phase yield i;' =0 and
iq =0. Consequently, if p, <p, then S; =0 and q, =ij =i; =0. In this case, all terms
pertaining to the gas phase disappear from the balance of mass equations.

The water retention curve determines whether the porous medium is saturated or unsaturated,
but in the field equations some terms vanish if the porous medium is saturated. More precisely

e Saturated porous medium. If p, < p,, then the porous medium saturates (S, =1) and the

terms g, i, and i; disappear from the field equations, which reduce to the field equations

of a saturated porous medium (the liquid phase has the species water and the species air)
with o' =0+ p,1 being Terzaghi’s effective stress

a W i ags \'[e] H H '
¢a(a)| p)+(@"p) 8’[ I +div(i" + & p,q,) =0 (2.52)
a a a 685 vol s, fia a
¢a(w| p)+ (' pS) 5‘t +div(ii + o' pq,) =0 (2.53)
div(c'—p/1)+pg=0 (2.54)

Using (2.11) and (2.13) in the two first equations, it follows that f* =0 and f* =0. That

is, there are no mass contributions from the non-existent gas phase. As explained earlier,
the pressure of the gas phase p, at a point of the porous medium and at a time instant is

the pressure of a gas (made of species water and species air) which is in equilibrium (with
respect to exchanges of species water and of species air) with the liquid phase (made of
species water and species air) at the considered point of the porous medium and at the
considered time instant.

e Unsaturated porous medium. If p, > p,, then the porous medium desaturates (S, <1),

the terms ¢, iy and i; appear in the field equations, which are the field equations of an

unsaturated porous medium (the liquid phase and the gas phase have the species water and
the species air) with o’=o + p, | being the net stress

6 w w w w a‘C“s,vol
§= (@' PS ) pyS,) + (DS + ) p, S, ) — (2.55)
+div(i)' + " o, +iy + @) p,q,) =0
a a a a a a‘C“s,vol
§— (@' DS +050,S,) + (0 pS +0 P, ;) — (2.56)
+div(i] + o} p,q, + i;‘ + Cl)gpgqg) =0
div(o_r_pgl)_}_pgzol (257)

14



Deliverable D4.12 FORGE EU FP-7 PROJECT

3 1D Modelling

By use of certain simplifying assumptions, it is possible to reduce the problem to a coupled
system of two differential equations in two unknown functions of a geometric variable z
defined on a 1D domain, representing the part of the EDZ in contact with the megapacker,
and of time t. The boundary conditions at the end of this 1D domain close to the test section
are derived from the protocols (time evolutions) of the volume injection rate of the liquid
phase and of the volume injection rate of the gas phase. The boundary conditions at the end of
this domain close to the liner are generalized conditions involving the mass rates of the liquid
phase and of the gas phase and the values of the external pressures of the liquid phase and of
the gas phase. The protocol of the megapacker pressure is transformed into a body term on the
1D domain. The initial conditions for the unknown functions are derived from the assumed
conditions of the test. This coupled system of equations is solved using the FEM. Once the
two unknown functions of the geometric 1D variable and of time are known, all the field
variables both on the Opalinus clay and on the EDZ are determined in closed form using those
two unknown functions.

3.1 Geometry and coordinate system
Figure 3-1 below shows the assumed geometry of the portion of the EDZ and Opalinus clay

surrounding the HG-A tunnel comprised between the two planes orthogonal to the tunnel axis
that pass through each of the ends of the megapacker.

Opalinus clay

EDZ

Tunnel axis

Figure 3-1. Geometry and coordinate system around the HG-A tunnel.

A cylindrical coordinate system (r,8,z) has been defined such that (1) its origin is at the
intersection of the tunnel axis with the plane orthogonal to it that passes through the
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megapacker end close to the test section; (2) the z axis is parallel to the tunnel axis and is
oriented towards the tunnel mouth; (3) the angle @ is measured with respect to the horizontal.
The origin of time has been set at 15.04.2006.

In that figure, the definitions of the geometric parameters that will be used are also shown,
namely: L is the length of the megapacker (L =3.00m); r, is the radius of the tunnel

(rr=0.50m); and r, is the radius of the interface between the EDZ and the Opalinus clay
(r,=0.70 m). The considered geometry is symmetric around the tunnel axis, hence the EDZ
has a uniform thickness r, —r, .

3.2 Simplifying assumptions
The considered simplifying assumptions are of mechanical and hydraulic nature.

Mechanical. Both on the EDZ and on the Opalinus clay, it will be assumed that (1) there is
axisymmetry about the tunnel axis (z axis); (2) there are no volume forces (gravity is
neglected); and (3) slices z =const move independently and in plane strain.

Hydraulic. Both on the EDZ and on the Opalinus clay, it will be assumed that (1) there is
axisymmetry about the tunnel axis (z axis); and (2) there are no volume forces (gravity is
neglected). Furthermore, on the EDZ, it will be assumed that (3)%° the flows of the liquid
phase and of the gas phase are parallel to the tunnel axis (z axis); and, on the Opalinus clay,
it will be assumed that (3)°™* there is no gas phase (saturated state), there is no flow of the
liquid phase (undrained conditions) and there is no air in the liquid phase.

3.3 Consequences of the simplifying assumptions
Mechanical axisymmetry about the tunnel axis (z axis) requires that the displacement fields
on the EDZ and on the Opalinus clay do not depend on &, that is

i <r < 3
1
<r,0<z<L). (31)

Independent motion and in plane strain of slices z=const amounts to neglect the shear
components of the deformation tensor field on the EDZ and on the Opalinus clay implied by
the displacement fields on the EDZ and on the Opalinus clay, that is

EDZ EDZ
gEDZ:aLg (F,Z,t)er®er+wee®ee (riSrSre, 0<ZSL),
r
(3.2)
OPA OPA
OPAzaur (r’z’t)er®er+weg®eg (r Sr, OSZSL)

or

Hydraulic axisymmetry about the tunnel axis (z axis) requires that, on the EDZ and on the
Opalinus clay, the liquid phase pressure p, does not depend on & and, on the EDZ, the gas

phase pressure p, does not depend on &. The assumption that, on the EDZ, the flow of the
liquid phase g, and the flow of the gas phase q, are parallel to the tunnel axis, and Darcy’s
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laws (2.18) and (2.19) imply that the liquid phase pressure p, and the gas phase pressure p,
do not depend on r (nor on @). Summarizing,

plEDZ — plEDZ (Z,t)
Py =P, (1) (3.3)

OPA _

P = (r, 2, )

Using this result and the expression of the retention curve (2.15), we conclude that on the
EDZ S, and S, do not depend on r noron 6.

S|EDZ — SIEDZ (Z,t)
EDZ EDZ (3.4)
S, =5, (z,1)

Since, on the EDZ, the liquid phase pressure p, and the gas phase pressure p, do not depend
on r nor on @, the definition (2.40) of the effective pressure p* shows that it does not
depend on r noron &,

p*= = p* (z.1). (3.5

Therefore, on any slice z=const and any time t, we can use the results of Appendix A4
showing the results of the integration of the balance of momentum for the porous medium,
namely the expressions for the non-vanishing components of the displacement vector, strain
tensor and total stress tensor on the EDZ

us>e(r, z,t) = A% (z, t)r +—BEDZ (2.9
r
ef (r,z,t) = A (z,1) _@
g, 22 (r,z2,t) = A" (z,1) +i§z,t)
Ao (r,z,t) = (1+V,EDZE)’(Ei 20757) A™%(z,1) - (15:,2;) BED;(Z’t) —Ap*(z,1), =

EIEDZ

(1_+_ VIEDZ )(1_ 2V!EDZ)

Ao (r2,t) = [/ A% (2, ] -Ap* (2.1) |

and the non-vanishing components of the displacement vector, strain tensor, total stress tensor
and pore water pressure on the Opalius clay
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u>(r, z,t) ) :
u™(r, z,t) _BT@n :
"
ef’”(r,z,t)=—w,
g5 (r,z,1) Z—BOPAEZ’t) , 3.7)

E!OPA BOPA(Z,t)
(L+1"°) rz
E!OPA BOPA(Z,t)
(L+1"°™) r’ ’
Ac>A(r,z,t)=0 and
Ap*"A(r,z,1) =0.

AO'?PA(I’, z,t)=—

AcA(r,z,t) =

where

A% (z2,t) = AL Ac(z,t) + ALY AP ™ (z,1),
B (z,t) = B’ Ac(z,t) + Bl Ap**™ (z,t)  and (3.8)

Ap*

B (z,t) = By "Ac(z,t) + B Ap ™™™ (z,1),

Here Ao(z,t)=0(z,t)—0o(z,0) is the variation with respect to its initial value of the total
pressure applied to the tunnel wall at slice z and time t (in the HG-A test, it does not depend

on z) and the expressions for the 6 constants AS, A, BY, BEY, B and BS! are

given in Appendix A4 as functions of the elastic properties of the EDZ ( E'® and v'®*), the
elastic properties of the Opalinus clay (E'°™ and v'°**) and of the geometry of the test (r,
and r,).

From these relations, it follows that the volumetric deformation on the EDZ and the increment
of the effective pressure (equal to the liquid phase pressure p,) on the Opalinus clay do not

depend on r noron &:

Ea (Zt) =57 (r, 2, t) +6,°0 (r,2,0) = 2L AL Ao(z,1) + AP Ap > (z,1)] (3.9)

6

Ap*°A (z2,t) =-C°(z,1) (3.10)

Using the expression (2.20) for the relative permeability to the liquid phase, the expression
(2.21) for the relative permeability of the gas phase, the expression (2.22) for the intrinsic
permeability and results (3.3), (3.4) and (3.9), the expression (2.18) for Darcy’s law for the
liquid phase and the expression (2.19) for Darcy’s law for the gas phase read
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k':ZDZ (S|EDZ (Z, t))kEDZ (8EDZ (Z, t)) 8p|EDZ

qlEDZ (z,t)=— p vol e (z,t)e, and (3.11)
1
k EDZ S EDZ Z, t k EDZ gEDZ Z, t a EDZ
quZ (Z,t) —__" ( [¢] ( )/)1 ( vol ( )) pagz (Z,t)ez , (312)
g

showing that, on the EDZ, the liquid phase flow g, and the gas phase low g, do not depend
on r noron @4.

Since, on the EDZ, the liquid phase pressure and the gas phase pressure do not depend on r
nor on @, all variables depending only on them will not depend on r nor on &. In particular,

0)|WEDZ — a)IWEDZ (Z,t),
C!)|aEDZ — C()|aEDZ (Z,t),

0" = "% (7,1), (3.13)

aEDZ __ _aEDZ
o =w;  (z,t) and

P = PP (2.

Since the volumetric deformation &52*

vol

does not depend on r nor on @, if the initial porosity

#°%* does not depend on r nor on @, from equation (2.48) it follows that the porosity ¢

does not depend on r nor on &,
P == (2,1). (3.14)

Taking into account Darcy’s laws (3.11) and (3.12) and the results (3.13) and (3.14), Fick’s
equations (2.24) to (2.31) read

wEDZ

i (7,1) = — pEPZ (2,8)(¢™ (2,1) S (2,6) D" +.d! | gE°2 (2,1) ) aw('az (z,t)e,, (3.15)

(20 = =g ()™ (208 (20D +dy |47 (2.1)]) a“’gz (z,)e;, (3.16)
O"ED?

5 (2,1) =—p, " (2,1)(6™ (2.1)S;°* (z,1) Dy +d | 45 (2, 1) |) a);z (z,t)e,, (3.17)

aEDZ

i (2,8) = —p;™ (2,)(6% (2,85 (2,)D; +dg | 4, (2,1) ]

’ g ;Z (z,t)e, and, (3.18)

showing that, on the EDZ, the water flow i," and the air flow i} on the liquid phase and the
water flow i; and the air flow i; on the gas phase are parallel to the tunnel axis (z axis) and
do not depend on r noron 4.

3.4 Field equations, initial and boundary conditions

Since the balance of momentum has already been integrated in terms of the pressure of the
liquid phase and the pressure of the gas phase, the field equations reduce to the balance of
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mass for the species water and the balance of mass for the species air. We will use the results
obtained from the simplifying assumptions in order to write the field equations, and we will
address the initial and boundary conditions considered.

¢ Field equations. Using the relations obtained from the simplifying assumption into the
field equations (2.49) and (2.50), we get

ags,vol
ot

_9 o) ¢S,D,W+d|'ﬁ‘%‘ 00y +o"p, Kak 9Py (0<z<L,t>0)
oz W loz|) oz L 0oz

Py |J 0 p @aﬁ} =0

a w w w w
¢a(a)| PSI @y pyS,) + (@ pi S+ 0y pyS,)

0 k. K
-— S,DY +d!
6Z{pg[¢g 9 g r

oz|) ez % oz

g g
a‘C"s,vol

ot

_g{pl (¢SID|a +d|| ﬁ‘%‘]aﬂ_i_wlapl krlk%} (OS z<L, tZO) (3 20)
r .

6 a a a a
¢E(a)| plsl+a)gpgsg) +(a'p S +a)gpgsg)

0z ,|0z|) oz Y, 0Oz

op, |Jaa>g e KK %}:0

0 kK
gpg
82\ 0z Uy oz

-— S,D* +d!
82{p9[¢ g9 9 /«lg

Where, using the chain rule, all partial derivatives with respectto t and z are written in terms
of the partial derivatives of p, and p, with respectto t and z.

Therefore, equations (3.19) and (3.20) form a (coupled) system of two second order partial
differential equations in the unknown fields p,(z,t) and p,(z,t). In order to single out the

solution to the problem, we impose the following initial and boundary conditions.

¢ Initial conditions. They are the prescription of the distributions of the pressures of the
liquid and gas phases.

P (2,0) = (p)o(2) (0<z<L)

Py (2,0)=(Py)o(2) (0<z<L) (3.21)

Recall that, in the present approach, it is assumed that p, and p, do not depend on r nor
on @, so that their initial values can only depend on z. We will use (p,),(z)=p*" and

(Py)o(2) = p™, where p*" is the atmospheric pressure at the test site, so that, according
to the water retention curve, the EDZ is initially saturated.

Note that the closed form expressions (3.6) and (3.7) give the variations of the stress state
both on the Opalinus clay (Ac™™, Ac™, Ac>™ =0and Ap**™ =0) and on the EDZ

r
(Ac7P? ,AcP? and Act"?). Thus, in order to determine the stress state on the Opalinus
clay or on the EDZ, we need to know the initial stress state both on the Opalinus clay
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(6701 (05, (7, and (p**™),) and on the EDZ (o™ ), (™), and (07),)
such that they satisfy the balance of momentum on both the Opalinus clay and on the EDZ
and that (p*°™), only depends on z. However, we will leave the initial stress states
undetermined and will only compute variations from these unknown stress states.

Boundary conditions at the test section end. At z=0, water and/or air are injected into
the test section at rates that are functions of time, according to the input protocol and are
given as volume rates (volume of water or air per unit time). After transforming them into
mass rates (mass of water or gas per unit time) M, (t) and M_(t), the boundary conditions

at z =0 state the conservation of the mass of water and air that are injected.

oy’ w krlk op, }
torp——
oz L oz

M, (t) =—z(r? —r){p|[¢8 D" +d| Ky ‘ap'D
L, | O

| 720

k|0p, || 0w, oo K, k6pg
oz || oz “o P ,ug

k
—z(r? =)< p,| #S,D; +d, —
Hy

(3.22)

ﬁ‘%
0

oo . kikdp, }
Tap P
0z M, oz

N

M., (t)= _”(rez - ri2) {M (¢S| D + d|I

z=0

ko, ]aw:ma wi}

REN AT

k
—(r? - riz){,og (nggD;‘ +dy —
Y7,

z=0

Boundary conditions at the liner end. They are based on discrete forms of Darcy’s and
Fick’s laws, namely

o | #S DW+d'ﬁ‘%‘ aa)'w+a)wp Kok Py
ARAt R R Yy P AT

{( Ikk
Py| $S,Dy +d; —

z=L

op, |] 0y . Kk aﬁ}

i g g x| (3.23)
:{a)lwplyl(plext )+,3|,0| ((a)IW)ext _a)lw)}L:L
{a) PyVyg ( p;Xt - pg)+ﬂ9pg ((w;V)ext _a)\gN)} 2-L
w | kr k a_p éwa a kr k a_p
{p, £¢S|D, +d'u_l.‘azl D e aZI}Z_L
Ikrkap|8wa . kg kop
={a' o (P =1 )+ A (@) =t )}
{60 Py7q ( p;Xt - pg)+ﬁgpg ((wg)en _a)ga)} 2=L
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ext

where »,, 7,, B and S, are parameters, p; and p

ext
g9

pressures of the liquid and gas phases and (o)™, (&)™, (@)™ and (@) are the

prescribed values of the mass fractions of water and dry air in the liquid and gas phases.
Thus there are 10 parameters to be prescribed.

are the prescribed values of

In the present case, the last 6 parameters may be written in terms of 3 parameters: the
atmospheric pressure at the test site p*™, the relative humidity of the gas phase at the test
site h™™ and the mass concentration of dry air in the liquid phase at the test site ().

p;XI — patm (3.25)
w ext M w ext
=—r T)h
(@30 = maz3as o) Peo (DM (3.26)
a ext — a ext _ w hext
pIeXt — patm (328)
(@"p)™ = pll—(af )] (3.29)
(0 p)™ = p (@)™ (3.30)

Equations (3.25) and (3.28) state the assumption that the pressure of both the liquid and
gas phases are the same as the atmospheric pressure at the test site. Equation (3.26) is the

definition of relative humidity. Equation (3.27) follows from the expressions of p;, o,
and p, from appendix Al and the definition of relative humidity. Finally, equations (3.29)
and (3.30) follow from the definition of (w})®, the constitutive law p, = const and the
constraint @ + " =1. Consequently, the boundary conditions at z =L depend (besides

ext

% 74, B and B, ) on the three parameters p*™, h™ and (o)

3.5 Test input protocol

The considered test input protocol consists of polygonal approximations to the records
(measured by the appropriate test sensors) of (1) megapacker pressure (sensor M-
PAMegapacker); (2) liquid phase volume injection rate (sensor M-Flow); and (3) gas phase
volume injection rate (sensor M-GasFlow). These evolutions are shown in the Figure 3-2,
with the polygonal approximations to them assumed in the modelling of the test.

The test input protocol applied to the test section end is stated as evolutions with time of the
liquid phase volume injection rate Q,(t) (in ml/min) and gas phase volume injection rate

Q, (1) (in miIn/min). However, in the followed approach the boundary conditions considered
at the test section end are stated as water mass injection rate M, (t) (in kg/s) and air mass
injection rate M (t) (in kg/s), since they are naturally associated to the balance equation of

water mass and to the balance equation of air mass, respectively. In order to convert the input
protocol to the considered boundary conditions, we proceed as follows
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Since it has been assumed that the liquid density p,(T) does not depend neither on the liquid
pressure nor on the amount of dissolved air, the water mass injection rate M, (t) (in kg/s)
and air mass injection rate M, (t) (in kg/s) read

ml  1min k_g>< 1m?® 1

kg
M. ()2 =0 )L M (T 1- @
w075 = QU e AT > Ta001  Tooomt <&~ e
kg
min  1min Mamxo’lMPa Im*n 1In w (3:31)
Q0 508 MPa.m? *1000In  1000mIn ~ aex
min- 005 p MPaM (273154 T)°K n min
°K -mol
kg ml  1min kg 1m’ 1 .
M )2 =0 )t x5, M
{075 = QO s AT L 0001 Tooomn < @ e
kg
min  1min Mamxo’lMPa 1m*n 1In w (3.32)
+Q (t) — X X 3 x x X(l_a) ext)
> min 60s RMPa-m 1000In  1000min ¢

x(273.15+T)°K
°K -mol

where Q,(t) (in ml/min) is the volume injection rate, Q,(t) (in min/min) the gas volume

injection rate, o/, is the air mass fraction in the liquid phase at the injection point and @,

g ext
Is the water mass fraction in the gas phase at the injection point, M, and M, are the molar
mass of water and air and R is the constant of gases.

We compute «,, using Henry’s law at a gas pressure equal to the atmospheric pressure
Pyex = Pam (the atmospheric pressure at the experiment site)

a M,
W op = W Patm » (333)

w

. , w
where H is Henry’s constant. We @',

compute using the relation

MW pWeX
et = T s (3.34)
MW pg ext + Ma pgext
where the vapour pressure p;. is computed from the relative humidity h_, using the

psychrometric law and the partial pressure of dry air p,, is computed from the gas pressure
Pyext = Pam (the atmospheric pressure at the experiment site) and py',,, using Dalton’s law

p;vext = hrext pévo (Text) and pgext = pgext - p;\’ext ! (335)

where py(T,,) is the water vapour pressure in equilibrium with a planar water surface at
temperature T, .
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Figure 3-2. Test input protocol and polygonal approximations: evolution of (1) megapacker
pressure; (2) liquid phase volume injection rate; and (3) gas phase volume injection rate.
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Numerical solution using the FEM

order to solve the coupled system of differential equations subject to the initial and
undary conditions presented in the previous paragraph, we will use the FEM with the

Galerkin approach. In essence, this requires the following steps:

(1) determination of the weak form of the system of differential equations to solve;

(2) division of the spatial domain (spatial discretization) into a number of subdomains (finite

elements), approximation of the unknown functions p,(z,t) and p,(z,t) using the values
p, (t) and pé (t) of the unknown functions at a number of spatial points z' (nodes) and

an associated set of functions w'(z) (shape functions) and replacement of the system of
differential equations by a system of ordinary differential equations (nodal equations),
with the nodal values of the unknown functions p, (t) and pé (t) as unknowns and time

t as the independent variable;

(3) integration of the system of ordinary differential equations using a time marching scheme

(4)

that divides the time domain (time discretization) in time subdomains [t*,t“"'] (time

intervals) and in each of them approximates the unknown functions p/(t) and pg'] ®)
using their values at the begin t“ and at the end t*** of the time interval and replaces the
system of ordinary differential equations by a system of algebraic equations; and

k+1

in each time interval [t“,t“"'], calculation of the values p; (t“**) and p, (t“"*) at the end

of the time interval in terms of the values p, (t*) and pé (t“) at the beginning of the time
interval by solving the associated system of algebraic equations.

4.1 Weak form of the problem

In

order to numerically solve the coupled system of partial differential equations with the

initial and boundary conditions, we first find its weak form.

41.1 Balance of water mass

We multiply that equation by an arbitrary test function W, (z) and we integrate it on the
spatial domain [0, L]

[0,L]

g " W W w a‘c"s Vo
WW(Z){¢a(a), pSto p,S,) + (a0 p S+, p,S,) at '}dz

oz|) oz ' @z

H

- WW(Z)Q{M [¢S| D" +d, ﬁ‘%D i +ay'p al %}dz (4.1)
[o,L] 0z

Kok
Hy

[o,L]

0 w
WW(Z)E{,OQ (¢Sng +dg

op, | | oo Kk
Pol 00y Kk Po Ly
82\ 0z Uy oz
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Integrating by parts the second and third integrals, we get

a w W W w ags VO!
WW(Z){¢E(Q), P|S|+a’g pgsg)+(a)| plsl+a)g pgsg) 81‘ I}dz

[0,L]

d w o KK
+JA[0,L][EWW(Z)J['OI (¢S|D| +d, 7

2-L

k.k|op||0a)" k,k op

—W S.DY dl ™ | YF | w ™ YFr
{ W(Z)(P|[¢| r T4 u ‘82 D o T p o J:l . (4.2)

k. k|op,||ow, k ko
+J‘ (iWW(Z)J[pg(géSgD;”eré & pg|] s + o) p, — &sz
0,1\ dz H,

az|) oz T o, oz
z=L

op, | | 0w, k.k o

Pol |20 g ek B || g

82| 0z Ly oz

p w4 .-

%‘ aw,w+ w K.k op, dz
0z L, 0z

Kok
Hq

[WW(Z)£,0Q [¢sng“ +dg

z=0

Using the boundary conditions, we get the weak form of the differential equation stating the
balance of water mass.

[o.L] ot
+I (iww(z)j P ¢S|D|W+d||kL‘%‘ aﬂ"‘aﬁwplﬁ% dz
o1\ dz L | o0z|) oz L, oz
k. k ow, k. kO
+J' (diWW(Z)j[pg£¢Sng”+d; 9 J D gt p S0 ﬂ]dz
[o,L1\ 0Z My

oz 7% u, oz
—WW(I—){COIWPU/I ( - )+ﬂ"0' ((a)'w)eXt _a)'w)} z=L

W, (L)@}, (P5 = Py )+ By (@)™~} )}

a W w w w 685\,0
WW(Z){¢E(Q)| plsl+wgpgsg)+(a)l pISI+wgpgSg) : I}dz

op,
0z

(4.3)

z=L
M. (t
_WW(O) 2W( )2 =
ﬂ(re - r-| )
41.2 Balance of air mass

We multiply that equation by an arbitrary test function W,(z) and we integrate it on the
spatial domain [0, L]

26



Deliverable D4.12 FORGE EU FP-7 PROJECT

Wa(z){ _(a)l p|S +a) pgSg)+(Cl)| pls +a) pgSg) Svol}dz

[o,L]

5 k.k|op,|) 0wt K.k op
_ W 7)— S Da d| rl | | +a)a rl | dZ
[o.L] o )52 {p' [¢ ' 4 ‘8 D a AP m 82} (4.4)

k. k|ap, | oet K,k @
| w@ 2, g8,0 0y S|Pl |00 o Kk Pl g
0z Ly az‘ 0z Hy OZ

[0,L]

Integrating by parts the second and third integrals, we get

[0,L]

+I [dW(z)j p|(¢SDW d'k”k
ou\d m
z=L
k.k|op, |\ oar® k. k op
—|W. (z S,D +d] == | =L | 4 of p = L
|: a )(M (¢ [ u ‘6 D pe @ p L o ]]Z_o (4.5)
k.k|O 0w’ k ko
+J' (iwa(z)j p,| #5,D¥ +d! = P, % 4wt p, 2= Lo | g
o\ dz Hy 62‘ 0z g 0z
z=L
k K darF k _k ép
—|W. (z S.D"+d!' = St p ot 2L =0
[ a( )(p9[¢ g9 9 ,Ug j aZ pga)g #g aZ J]
z=0

Using the boundary conditions, we get the weak form of the differential equation stating the
balance of air mass.

Wa(z){ _(0)| ,0|S , pgSg)+(a)| p,S +w pgsg) svol}dZ

8pl‘ o, +afp krlk% dz
oz|) oz L, oz

op,
0z

0 a a a a 585\,0
Wa(Z){¢a(wl PSit @y pySy) + (e oSty pySy) 8’( '}dz

[0.L]

d k.k|op||0a) k.k op
+ W_(z S,D" +d, —1= | L+ @t p, ==L |dz
I[O,L](d ”j[p' (‘é 1 ‘a D a Py az]

+I (dvv(z)j 45,00+ ! KoK |Po (1005 | 0, Kk OPy |
—_— a) —_——
R ] K R v | I e (4.6)

W, (L) {ef o7 (P7 = 1)+ B ((@F)™ - of )}‘L

AW, (L)@ oy (PE = Py )+ By (@)™~ 0f )}
M, (1)
”(rez - r|2)

apg
0z

z=L

“W. (0) =0

A reformulation of these expressions that will be used in the subsequent numerical
developments is shown in appendix A5.
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4.2 Reduction to a system of ordinary differential equations

We divide the domain | =[0,L] in adjacent finite elements 1°, such that | =Ue|e and we
approximate the unknown functions p,(z,t) and p,(z,t) by using shape functions w'(z)

(1=1,...,N) such that w'(z’)=6" (1,J =1,...,N), where z' is the co-ordinate of node I,
according to

pi(z,t) = Z, w'(2)p/(t) and (4.7)
Py (z) =2 W (2)py (1), (4.8)
where p;(t)=p,(z',t) and py(t)=p,(z'.1).

In order to carry out this spatial approximation, we have used linear 1D finite elements with
two nodes and one integration point. Each finite element is a segment with one node located
at each end of the segment, the integration point is located at the center of the segment and the

shape functions are linear. The linear shape functions, their derivatives and some related
integrals may be found in the appendix A6

Following the Galerkin approach, we use each shape function w'(z) (1 =1,...,N) as the test
functions W,,(z) and W,(z). We get a system of 2N ordinary differential equations in the
2N unknowns p/(t) and p, (t) (1 =1,...,N)

J‘[O ]WI (Z){ _(a)l pls 4 pgsg)+(wl pls to pgsg) StVOI}dZ
L

of [ @) | g5y SEBYEE o WD g,
fo,.1\ dz 0z M, Oz

d | ,krk8p|aa)w k. K op
+ —w'(z S,DY+d; = g vl p, ———21 |dz
J.[o,u(dz ()J(pg (¢ 9T a2 |) ez “s Py u, 01 (4.9)

- L{aor (= p )+ Ao (@) -a"))|

W (L)@} o7, (95" = Py )+ B0, (@) — o))}
M, (t)
2(r2—r?)

6pl
0z

z=L

W' (0) ——"~"-=0
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L ]W' (Z){¢—(60, pS+w,p,S,)+ (@ p S+, p,S,) svo|}dz
o,L

d w1 Kok |op ‘ oaf . kkop
+ — W (Z S D d b I 1 + rl | dZ
J.[O,L](dz ( )j[p, (¢ 24 ‘62 P P u 2

d , | kgk 8pg| aa;g . krgk p,
+ —w (z S D d + — |dz
J.[o,L](dZ ( )jlpg £¢ g oz ‘ 0z “aPy Ly 0z (4.10)

—w' (L){a),ap|7| ( P - )+ﬂ|p| ((a)|a)ext —ay )} L

W (L) {0l o7, (95 = Py )+ B,y (@)~} )}

| M a (t)
s

z=L

=0

The expression of this system of ordinary differential equations in terms of the auxiliary
functions introduced when reformulating the equations defining the weak form of the problem
is shown in the appendix A7. This system of ordinary differential equations may be written in
the following compact form

C(X)%”(X)X — g(X.1), (4.11)

where X(t) is an unknown 2N vector function of t whose components are given by
XA () =p/ (1) and X (t)=py(t) (1=1...,N), C(X) and K(X) are 2N x2N matrices
depending on X (t) and g(X,t) isa 2N vector depending on X(t) and t.

Taking into account the definition of the shape functions w'(z) (1=1...,N), element

[z',2'"'] (between nodes | and 1+1) contributes additively to the matrices C(X) and
K(X) and to the vector g(X,t). More precisely, if we denote the contributions from element
[z',2'"] to these matrices by

Coi(ppg)  CLI(PS. py) Cv'v'.+1(p.K,p;) C.la(P, py)
Coi(p . py)  Cri(p . py)  Caia(pf. py) C;Fﬂ(pf,p;)

I + + 1+ |+ y 412
[z ] CI ll(pl lpg) CI lg(pl lpg) Il-¢-|1(p| ’pg) |1+§Z’l(p| ’pg) ( )
CoM (P pg) Cur(p py) Cati(p pg) Cad(p. py)
Ko (P pg)  KuI(pSpy) K".+1(p. pe) KuLa(p py)
| ,
K _ KI (pl ’pg) Ig(pIK’pIg_) I+1(p| ’pg) al+1(pl ’pg) a.nd (413)

22 K'*“(p. P7) KPS pg)  KoTa(pS pg)  KLTEa(R py)
Kot (el pg) Kot (ppy)  Kati(pl, py)  Kaitd(p, py)
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9.(P, Py, 1)

~ g'(p.K.ng t)
g[z' 'z|+1] |+1( pl ’ pg ,t) (414)
9.7 (P, py.t)

where the expression of their elements in terms of the auxiliary functions introduced when
reformulating the equations defining the weak form of the problem are shown in the appendix
A8 and, due to the shape functions used, they have the following symmetries

Coh (P, pg) =Cula(p ps) =CoM (P, pg) =Coth (. py)

w, I+

Cot (P Pg) =Cou (P pg) =Co (P, py) =Cois (P, py)

C"(p. Pg)=Cora(p pg) =Clit' (p, pg) =C. (P, py) 419
Coi(p py) =Cata(p, pg) =Cli (P, Py ) = Ca it (P Py)
Kot (P pg) ==Ky (P pg) ==K (R pg) = Ko i (P, py)
Kui (P, Pg) ==Ky Ta (P pg) ==K (P pg) = KW (P, py)
K"(p.  Py) =Ko (P, py) ==K (ps py) = Kot (P, py) (419
(P pg) ==Kt (ps pg) ==K (P py) = K i (S py)
gw(p. Py 1) =9, (P, py.1)
(4.17)
9. (P Py 1) =8, (P, Py 1)
then the elements (L,M) (L,M =1,2,3,4) of the 4x4 matrices C and K are

[ZI,ZHI] [ZI,ZIA]
added to the elements (2(1 -1)+L,2(1 —1)+ M) of the 2N x2N matrices C(X) and K(X)

and the elements (L) (L=12,3,4) of the 4 vector Oy piay A€ added to the elements

(2(1 -1)+ L) of the 2N vector g(X,t). Moreover, due to the boundary conditions, node 1
(corresponding to the test section end) contributes additively to the vector g(X,t) and node
N (corresponding to the liner end) contributes additively to the vector g(X,t) and to the

matrix K(X). More precisely, if we denote the contributions from nodes 1 and N to these
matrices by

19.(P, pg 1)

P = 4.18
* g (p, pht) (4.18)
g (P, Py 1)
v and 4.19
“ 92 (P, py 1) (4.19)
K (P pg) KRR py) 4.20)
© KNP pg) K py)|]

where the expression of their elements in terms of the auxiliary functions introduced when
reformulating the equations defining the weak form of the problem are shown in the appendix
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A8, then the elements (L,M) (L,M =1,2) of the 2x2 matrix K , are added to the elements
(2(N-1)+L,2(N -1+ M) of the 2N x2N matrix K(X), the elements (L) (L =1,2) of the
2 vector of the vector g, are added to the elements (L) of the 2N vector g(X,t) and the
elements (L) (L=1,2) of the 2 vector g, are added to the elements (L) (2(N-1)+L) of
the 2N vector g(X,t). As a result, the 2N x2N matrices C(X) and K(X) are 4x4-block

3-diagonal and, consequently, 7-diagonal. The 4x4 matrices C[z, i and K[Z, i1

(1 =1...,N), the 2 vectors O 2y (I'=1...,N), the 2x2 matrix K , and the 2 vectors g,
and g, are detailed in the appendix A8.

The elements of the element matrices C and K and of the element vector Opyt oy

[ZI ,ZHl] [ZI ’Z|+l]
corresponding to element [z',z'™"] are integrals over the [z',z'*']. These integrals have been
computed numerically, using the following approximation

1+1

j {p.(z ), p, (2.1), p' (2, t) (z t)t}dz
[z',z2'"

1+1 | 1+1 | 1+1 | 1+1 |
~ (2" ")t 7'M 4z " 7'M 4z % 7'M 4z ’apg 7'M 4z |
2 g 2 07 2 0z 2

If we use the approximations p,(z,t)=>_ w'(2)p/(t) and p,(z,t)=D W'(z)p,(t), where

(4.21)

w'(z) (1< 1 <N) is defined in appendix A6 , we get

j {p.(zt)pg(zt) p'(zt) (zt)t}dz
o (4.22)

L@y | ORI PO O pPO-pO PO-RO
- 2 2 ! 7141 _ 4! ! 714 _ 41

Therefore, the integration uses an integration point located at (z'**+2')/2, that is, at the
middle of the element [z',z'*]..

4.3 Integration of the system of ordinary differential equations

We integrate this system of ordinary differential equations using a time marching scheme. We
will consider a series of time instants t* (k =0,1,2,...) such that t“** >t* (k =0,1,2,...) and
t° is the initial time (the procedure employed to determine these time instants will be
explained later). Furthermore, on each time interval t“<t<t“" (k=0,12,...), we will

approximate the vector function X (t) linearly with respect to time using X (t*) and X (t**).

tt—t t—t~

XO)=5a X(t) s X(t“l) (t“<t<t™ k=0012,...). (4.23)
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Thus, on each time interval t* <t <t** (k =0,1,2,...), the time derivative of X (t) reads

B g - XED-X()

(t“<t<t"' k=0,12,...). (4.24)

With these assumptions, at each time t (t“<t<t“" k=0,1,2,...), the system of ordinary
differential equations transforms into a system of algebraic equations in the unknowns X (t*)
(k=1,2,...),since X(t°) is known.

tk+1 t— tk - X(tk+l)_x(tk)
C[tkﬂ x(t) —th(t )]( tk+l ]

—tX

tht —t t—t* o)ttt t—t .
+K{tk+l X(t) —_th(tk 1)j(WX(tk)+WX(tk 1) . (425)

tk+l t k
—g({ o X (t*) + T X(tk*l)j j " <t<t*', k=0,12,..)

On each time interval t* <t<t*"' (k=0,1,2,...), we consider the change of independent
variable &*(t) = (t—t*)/(t*" —t*) (t* <t<t“') whose inverse is t(&*)=(1— &t + &4
(0< £¥ <1). Using the notation t*** =t(&*) and X*** = X(t(&*)) (k=0,1,2,..., 0< & <1),
we have

XK = (1= EYXF+ XK (0<E <1, k=0,12,...), (4.26)
dxk+§ Xk+1_xk
= (0<&<1,k=012,...). (4.27)

where dX ¢ /dt = (dX /dt)(t(£*)) denotes the time derivative of X(t) evaluated at t(&*).
With this notation, at time £* (0< & <1), the system of algebraic equations reads

k+1 k
C(x“f)—)< X

K(X )X —g( XM, t9) =0 (0<& <1, k=0,12,..). (4.28)
In general, it is not possible to find X (t*) (k =1,2,...) such that the functions (4.26) satisfy
the system of algebraic equations (4.28) associated to time £* in the time interval t* <t <t**

(k=0,1,2,...) for all values of & such that 0<&* <1, because there are infinitely many
such systems.

A possibility that is often used is to require that the equality holds for a certain value 0<6<1
of & denoting a time in each time interval t* <t <t“* (k =0,1,2,...), that is, we consider the
following series of systems of algebraic equations

Xk+l Xk

C(Xk+9) K(Xk+9)xk+9 g(ka,tk*g):o (k=0,1,2,...). (4.29)
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Note that the extreme values #=0 and & =1 correspond, respectively, to the explicit and
implicit approaches. If the vector X* is known, we compute the vector X** by solving the

k -th system of algebraic equations. Therefore, since the vector X° is known from the initial
conditions, we have to successively solve the above series of systems of algebraic equations.

A somewhat more general approach is to consider the satisfaction of the series of systems of
algebraic equations

Xk+1_ Xk
Tt KX )X —g(X**,t*)=0 (k=0,1,2,...), (4.30)

C(X k+€) —
where 0<g<@<1. Note that if £ =6 we recover the previous approach and if £=0 the
system of algebraic equations is linear in the unknowns X**

Xk+l_xk

C(X") — + K(X )X —g(X*,t) =0 (k=0,12,...). (4.31)

tk+l _t

Therefore, the value & may be viewed as a measure of the non-linearity of the system of
algebraic equations. If we introduce the definition

Xk+l_xk

F(X) =CX) S # KOXKT)X =g (X, t) - (k=012...),  (432)

then the series of systems of algebraic equations (4.30) reads
F(X*) =0 (k=0,12,...). (4.33)

As before, if the vector X* is known, we compute the vector X*** by solving the k -th

system of algebraic equations. Therefore, since the vector X° is known from the initial
conditions, we have to successively solve the above series of systems of algebraic equations.

4.4  Solution of the systems of algebraic equations
In order to solve the system of algebraic equations

for a certain k (k=0,12,...), one possibility is to use the Newton-Raphson method, which is
an iterative procedure, whereby an initial estimation of the solution is successively updated
until a certain criterion of convergence is satisfied. However, we have used a modification of
this method. We first describe the Newton-Raphson method and afterwards we describe the
modified version that has been used.
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44.1 Newton-Raphson method

It is defined by the following algorithm
(1) Initial estimation of the solution ( X **?). Define an initial estimation of the solution.

(2) New estimation of the solution (X*™* — X**"*1) Knowing an estimation of the
solution X*™*' (either from the initial value if i =0 or from the previous estimation if i >0),

a new estimation of the solution X***"*! is found by solving the following system of linear
algebraic equations

oF Xk+1’i +1,i+ +1,i +1,i
a(x—m J(crans ety (), (4.35)

where oF (X ') /X" ™ denotes the Jacobian matrix of the derivatives of the vector function
F (X" ™) with respect to the vector variable X*™* evaluated at X** = X***',

(3) Check of the current estimation of the solution. If the current estimation of the solution
satisfies a certain convergence criterion, it is taken to be the solution of the system of
algebraic equations and we are done, otherwise we go to step (2) to find a new estimation of
the solution.

4.4.2 Implemented solution algorithm

The solution algorithm used is based on the Newton-Raphson method, whereby its three steps
have been defined as follows.

Step (1). In this step, an initial estimation of the solution must be made. We compute it as
follows

Xk+1,0 _ Xk (k :0) or (436)
tk+1_tk
(X=X (k>0), (4.37)

Xk+l,0:)(k+

where X* and X** are the values computed previously when solving the systems of
algebraic equations F(X*)=0 and F(X*™") =0, respectively.

Step (2). In this step, the Jacobian matrix aF (X*™*")/6X** must be computed, which in our
case reads

aF Xk+1,i o 1 o
%: C(X* ')W+K(xk Yo
kK+e,i 41 k+é,i kK+e,i $k+ ! (438)
+6C(X )ngkll _>k(k +6K(X )gka,i _8g(X .t 9)8
oX e —t oX oX
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where X' = (1—g)X* +eX**" oC(X**")/oX and OK(X**')/6X denote the partial
derivatives of the matrix functions C(X) and K(X) with respect to the vector variable X

evaluated at X = X***' and ag(X" ™' ,t*?)/6X denotes the partial derivatives of the vector

function g(X,t) with respect to the vector variable X evaluated at X = X***' and t =t**’.

Note that if £=0, this reduces to

k+1,i
% - C(Xk’i)tml_tk +K (X )e, (4.39)

which is independent of X**'.

This matrix is quite involved and its computation is deemed to be quite time demanding. In
order to overcome these problems, we approximate the Jacobian matrix by neglecting the

derivatives of the nonlinear terms (we do not derive a term with respect to X*™ if it is
multiplied by &), so that the Jacobian matrix oF (X**)/&X*** that has been used reads

k+1,i
—a':@(;m )_ c(xk*fv‘)tkﬂl_tk+K(xk+“)9, (4.40)

which depends on X ', because X***' = (1—g)X" +eX“*'. This matrix is 7-diagonal and, if
=0, it is not symmetric. Therefore, the system of linear algebraic equations in the
unknowns X ***'** to solve reads

tk+1 _tk

[C(XkJrs,i ) 1 +K (Xk+g,i )0:| (X k+Li+l X k+1,i)

e xh , (4.41)

— _C(X k+5,i) tk+1 _tk _ K(x k+5,i)xk+9,i + g(x k+eg,i ,tk+t9)

where X% = (1-0)X* + 06X, This system is solved by means of an algorithm for
inversion of nonsymmetrical band matrices, based on triangularisation and backsubstitution.

Step (3). In this step, the current estimation X*™' is accepted as a solution if all the
following conditions are satisfied

ITaXN ‘(X 2I—l)k+l,i _ (X 2I—l)k+l,i—1‘ < tOI 3 p| _SOLV and (442)

21 \k+1i 21 \k+1,i-1
Iggf(N\(X) — (X" <tol _p, _SOLV, (4.43)

where, for 1 =1,...,N, (X*')** and (X?')*"" are the components 21 -1 and 21 of the
vector X**' (the current estimations of pj (t“")=p,(z'.t“") and p, (") =p,(z' t")),
(X2 and (X2 are the corresponding values of the preceding estimation,
tol _ p, _SOLV is the tolerance for corrections of the liquid phase pressure p, at the nodes
and tol _p, _SOLV is the tolerance for corrections of the gas phase pressure p, at the
nodes. Furthermore, in order to prevent too many iterations or too large deviations from the
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tolerances set for the liquid phase pressure p, and for the gas phase pressure p,, in step (3)
the process is aborted if at least one of the following conditions is satisfied

i>i_max_SOLV or (4.44)
21\k+1,i 21\ k+1i-1

Ig%\(x ) = (X)) ‘>to|_pg_max or (4.45)
21\k+1,i 21\ k+1i-1

Ig{%‘(x ) = (X)) ‘>to|_pg_max, (4.46)

where i_max_SOLV is the maximum number of iterations, tol _ p, _max >tol _ p, _SOLV
is the maximum tolerance for the liquid phase pressure p, corrections at the nodes and
tol _p, _max>tol_p, _SOLV is the maximum tolerance for the gas phase pressure
p, corrections at the nodes.

4.5 Time marching scheme

Given a time interval [t t, ], the distribution X(t,,) at the initial time t,, of liquid phase
pressures p, at the nodes and gas phase pressures p, at the nodes, the input history during

ini

this time interval (megapacker pressures o(t), water mass injection rate M, (t) and air mass

injection rate M, (t)), we want to compute the distribution X(t,,) at the final time t,, of the

end

liquid phase pressures p, at the nodes and the gas phase pressures p, at the nodes.

During the integration of the system of differential equations over the time interval [t .,t. 1,
this interval is divided into time subintervals [t',t"'] (t°=t_., i=0,12,...) of length
At' =t™ —t' . Starting from the initial known solution X (t°), the solutions X (t*), X (t?),... at
times t',t?,... are successively computed by solving the systems of algebraic equations

associated to the subintervals [t°t'],[t',t°],... as explained before. The time marching
scheme used is as follows.

(1) Initial time t° and known solution X (t°). Set t* =t,; and X(t°) = X (t;,) -

then the desired
solution is X(t,,,) = X(t') and the integration over the time interval [t ,t ] is finished,

(2) Integration from time t' and known solution X(t'). If t' =t

end !

otherwise compute a time increment At' (as explained below) and try to solve the
corresponding system of algebraic equations.

(3) Time and known solution update. If a solution of the system of algebraic equations has
been found, then accept the time increment At' and update time t' —t"™ =t' + At' and known
solution X (t') — X (t'*"), otherwise (the solver algorithm has been aborted) reject the time
increment At' and keep time t' —t"' =t' and known solution X(t') = X(t""") = X(t'). Go
to step (2).
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If the number of rejected time increments at a certain time t' from a known solution X (t')
reaches the limit value of 20, the integration over the time interval [t,,t,,] is aborted.

ini ?
The time increments At' are computed according to the following rules

(1) Initial time increment (At°). It istakentobe d _t_0

(2) New time increment (At' — At'™). It is defined by
At = min(factor xAt',d _t _max,t,, —t'), (4.47)

where At' is the previous time increment, d _t _max is the maximum time increment, t_, is
the final time and factor is computed as follows:

If the previous system of algebraic equations has been solved using n_iter iterations, then
factor = (4/n_iter)"*. (4.48)

This factor is bounded by 2 (corresponding to one iteration) and by 0.2 (to avoid too large
time step reductions).

If the previous system of algebraic equations could not be solved (the solver algorithm has
been aborted), then

factor =1/2. (4.49)

Therefore, the time marching scheme used to integrate the system of differential equations
over a time interval [t..,t_,] has two parameters, namely the initial time increment d _t_0

and the maximum time increment d _t_max. The limit of 20 consecutive rejected time
increments means that it is not accepted to reduce the previous time increment by a factor of

(1/2)° =10°°.
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5 Preliminary results

On the first place, using results of a 2D axisymmetric model of the HG-A test using
code_bright, it will be shown that they conform reasonably well to the simplifying
assumptions underlying the 1D model. Afterwards, some preliminary results using the 1D
model will be presented, including the evolution of the liquid phase pressure, the gas phase
pressure, the effective fluid pressure and the evolution of the intrinsic permeability near the
test section.

5.1 Verification of the simplifying assumptions

A 2D axisymmetric model for the HG-A test was made using code_bright. Figure 5-1 shows
the displacement field, the principal strains field and the liquid phase flow field at
t =900 day, during the water injection tests. The figures show a section near the test section

by a half-plane whose boundary coincides with the tunnel axis. The rectangular area on the
left corresponds to the test section gravel, the rectangular area on the right corresponds to the
Opalinus clay, the rectangular area between the former corresponds to the EDZ. The part of
the EDZ in contact with the megapacker (not shown) is about 1.50 m in length, that is, half
the length of the megapacker.

The displacement field is such that, on the part of the EDZ in front of the megapacker, is
approximately radial, except for a small zone near the test section and. On the Opalinus clay,
it is essentially radial. The principal strains field is such that, on the part of the EDZ in front
of the megapacker, one principal direction is radially oriented and the principal strain parallel
to the tunnel axis vanishes (by axisymmetry, one principal direction must be perpendicular to
the tunnel axis), again except for a small zone near the test section. On the Opalinus clay
strains nearly vanish. Consequently, except for a small zone near the megapacker ends, the
mechanical simplifying assumptions are satisfied: both on the EDZ and on the Opalinus clay,
displacements are radial and in plane strain.

The liquid phase flow field is such that, on the part of the EDZ in front of the megapacker, is
approximately parallel to the tunnel axis, except for a small zone near the test section. On the
Opalinus clay, the liquid flow field vanishes. Consequently, except for a small zone near the
megapacker ends, the hydraulic simplifying assumptions in saturated conditions are satisfied:
on the EDZ the liquid phase flow is parallel to the tunnel axis and on the Opalinus clay the
liquid phase flow vanishes.

Certainly, the results shown are not a verification that the simplifying assumptions on which
the 1D model is based hold in the real HG-A test conditions. However, they indicate that it is
reasonable to use the 1D simplified model in order to make a first calibration of the model
parameters for its use in a 2D axisymmetric model using code_bright.

38



Deliverable D4.12 FORGE EU FP-7 PROJECT

Rk
Y

‘ & l

5

AARAR

}?,"'.1'.“1"
TN
/A

| |

]

2

/&

o

A

i

Figure 5-1. 2D axisymmetric code_bright model: (1) displacement field at t =900 day ; (2)
principal strains field at t =900 day ; and (3) liquid phase flow field at t =900 day .
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5.2 Predicted evolutions with time of some important variables

The values used for the constitutive parameters both on the Opalinus clay and on the EDZ are
summarized in the Table 5-1. The temperature has been assumed to be T =20°C.

The initial (t=0 is 15.04.2006) conditions at the EDZ are p, =0.1MPa, p, =0.1MPa and
a uniform initial porosity ¢°=°* =0.12.

The boundary conditions at the contact between the megapacker and the test section (at
z=0.00m) are the polygonal approximations to the records of the sensor M-Flow (liquid
phase volume injection rate) and of the sensor M-GasFlow (gas phase volume injection rate)
that have been shown in Figure 3-2. In these preliminary calculations, the water exchanges
performed prior to the gas injection tests in order to eliminate gas from the test section have
not been taken into account.

The boundary conditions at the contact between the megapacker end and the liner (at z=1L,
L=3.00m) are p =0.IMPa, p,=0.IMPa, o' =161x10" and @, =1.48x107, that

results from the assumptions p*™ =0.1MPa and h, =100% at the test site.

The evolution of the pressures applied by the megapacker is the polygonal approximation to
the record of the sensor PAMegapacker (megapacker pressure) shown in Figure 3-2.

Table 5-1. Values used for the constitutive parameters.

Elastic effective properties

[E/OPA 4.0x10° MPa //OPA 0.30 -
[/EDZ 0.8x10° MPa }/EDZ 0.30 -
Water retention curve

AEPZ 0.33 — pEpz 0.243 MPa
Intrinsic permeability

kEDZ 1.0x10™"' m?

bE®? 1.0x10” m bED? 1.0x107 m
2tz 1.0x10° m P -2.5x107® -
Relative permeabilities

AE0? 0.33 -

AgEDZ 1.00 ~ ngEDZ 3.00 -
Diffusion coefficients

D 1.4x10™ m?/s QF>* 2.54x10% MPa-m®mol
DEP 5.9x10™* m?/s-MPa-°K "<, Q2 2.3 -
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Figure 5-2. 1D model: evolution of (1) liquid phase pressure and gas phase pressure (2)

effective fluid pressure; and (3) intrinsic permeability.
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The results shown in Figure 5-2 refer to a point located at the contact of the megapacker with
the test section (at z=0).

(1) The predicted evolutions of the liquid phase pressure p, and the gas phase pressure p,

show that, at the considered point, the porous medium remains saturated until around
day 1400. Afterwards, due to the gas injection tests, the porous medium desaturates.

(2) The comparison of the predicted evolution of the effective fluid pressure p* compared

with the measurements of the sensor M-PEFloor (located on the bottom of the test
section) show a reasonable overall agreement, but the sensor shows a tendency of the
effective fluid pressure to increase with time which the modelling is not able to
reproduce.

(3) The predicted evolution of the intrinsic permeability k shows variations of about one
order of magnitude. These predicted large variations of the intrinsic permeability are
very important in order to be able to model the HG-A. In fact, the pressure applied by
the megapacker on the tunnel wall, tends to close the fractures at the EDZ induced by
the tunnel excavation, thereby decreasing the intrinsic permeability.

These results reproduce quite well a number of the features observed in the HG-A test.
However, the observed general increasing trend of the fluid pressures is not captured by the
model. This might be due to a swelling of the EDZ under the confinement provided by the
megapacker that induces a decrease with time of the intrinsic permeability not taken into
account by the model.
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6 Conclusions

The HG-A test is located at the Mont Terri Underground Laboratory near Saint Ursanne (Jura,
Switzerland). It consists of a subhorizontal tunnel of 1.00 in diameter and 13.00 m in length
excavated in the ultra-low permeability Opalinus clay. The excavation of the tunnel induced
an EDZ (Excavation Damaged Zone) around the tunnel. After the excavation, the last 4.00 m
of the tunnel (test section) were backfilled with gravel, a large inflatable packer (megapacker)
was installed along the next 3.00 m of the tunnel and a steel liner was installed along the
remaining 6.00 m near the mouth of the tunnel in order to guarantee the tunnel stability. After
inflating the megapacker, the test section was saturated with water and a series of water
injection tests and gas injections tests, whereby water and gas were injected into the test
section at varying megapacker pressures, thereby forcing the water and the gas to backflow
along the EDZ.

In order to model the flow of liquid and gas through the EDZ, a two track approach has been
followed. On the one hand, a 2D axisymmetric numerical model using code_bright (a finite
element program developed at the Geotechnical Engineering Department of the UPC) has
been prepared. On the other hand, a 1D analytical-numerical model has been developed, as
explained in this report, and implemented in an Excel spreadsheet. Both models have
essentially the same balance laws, equilibrium restrictions and constitutive relations. They
differ in the additional simplifying assumptions assumed in the 1D model and in their
numerical solution. The preliminary results obtained using the 1D model are quite similar to
those obtained using the 2D axisymmetric model, thereby allowing to use the 1D model to
calibrate the model parameters for the 2D axisymmetric model.

The preliminary results obtained using the 1D model reproduce quite well a number of the
observed features of the HG-A test. In this regard, the consideration of variations of the
intrinsic permeability in the EDZ induced by volumetric deformations is very important.
However, the observed trend of the fluid pressures to increase with time is not reproduced by
the model. A possible explanation is that a swelling of the EDZ under the confinement
provided by the megapacker would induce a decrease of the intrinsic permeability, thereby
leading to an increase of the fluid pressures. As this swelling mechanism is not included in the
model, this would explain the discrepancies between the predicted and the observed evolution
of the fluid pressures.
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Al. Some functions and their derivatives with respect to p, and p,

It will be convenient to define the real functions F(s) and G(s,P,) (P, >0 and 0<A<1) by

-sM,,
F(S)=eXp(R(273.15+T)p|(T)] = 0<FO

1 \4

ST ifsso
+| — ITS2>
G(s,R) = P,

1 if s<0

= 0<G(s)<1

These functions are smooth (they and their derivatives of all orders are continuous) and have
the property that their derivatives may be written using the original functions

' _ MW '
Fs) = R(273.15+T)p,(T)F(S) = 0<F0

1 A r,
- == _GY¥*(s)(1-GY*(s if s>0
(o my-{ Ao O = Bgnso
S S
0 if s<0
s A i
== GY*(s)(1-GY*(s if s>0
E(s,PO)= P?1-1 ()( ()) = S—S(s,Po)ZO

P
a 0 if s<0 ‘
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Al.1. Selected functions of p, and p,

o Partial water and air pressures

From the psychrometric law (2.8), the ideal gas law for dry air (2.37), the constant liquid
density p, =const (2.33) and Dalton’s law (2.36), we get

w o —(py — PIM,,
pg(pppg)—pgoﬂ)exp(R(273_15+T)p|(T)j and

_(pg_pl)Mw J

P (P Py) =Py — ngO(T)exp(R(m.ls”)p )

Using the definition of F(s), we get

Py (P12 Pg) = Pgo(TF (P, —P))

Pa (P Py) = Py — Py (T)F(Py — 1))

where, in order to simplify the notation, the dependence on the constant T has been omitted.
e Mass fractions in the liquid phase

Using Henry’s law (2.9), the ideal gas law for dry air (2.37), the second of these relations and
the constraint @ + " =1, we get

a Ma a
a)l(plipg):HM pg(p||pg) a.nd

\ Ma a
0)| (pl’ pg):]‘_ HMW pg(pl' pg)

Using the expressions for the functions p;'(p,, p,) and p;(p,, p,) . we get

(P Py) =[P, = PLo(TF (P, )]
o (P Py) =1 e P, — Pl (T)F (P, — P)]

e Mass fractions in the gas phase

From the ideal gas law for dry air (2.37), the ideal gas law for water vapour (2.38) and the
constraint @} + o, =1, we get

M., Py (P Py)

- ~ and
M., Py (P, Py) + M, Py (P By)

w; (P, Py) =

47



Deliverable D4.12 FORGE EU FP-7 PROJECT

& (b, p.) = M. pg (P Py)
ST ML P (P )+ ML P2 (P, Py)

Using the expressions for the functions p;'(p,, p,) and p;(p,, p,) . we get

-1
M M P
W , = 1— a : :
@y (Pi. Py) { |\/|W+wa;”0(|')|:(pg_pl)}
-1
M M P
a , :1— 1_ 5 ; :
a)g(p| pg) [ MW+MWp;vO(T) F(pg_pl)}

¢ Density of the gas phase

Using in these relations Dalton’s law (2.36), the ideal gas law for dry air (2.37), the ideal gas
law for water vapour (2.38), we get

M, Py (P, Py)+ M, pg (P Py)
R(273.15+T)

pg(pl’ pg)=

Using the expressions for the functions p; (p,, p,) and p(p,, p,) ., We get

M,p, +(M, =M, )p o (T)F(p, - p)
R(273.15+T)

pg ( pl ' pg) =
o Effective fluid pressure
According to equation (2.40), the effective fluid pressure reads
P*(Py. py) = max(p,, P,y)

e Volumetric deformation

According to equation (3.9), the volumetric deformation reads

£ (P Py) = 2AAT (0= 00) + AL (P*=p*))]

Using the expression for the function p*(p,, p,) , we get

&1 (P1 ) = 2AAL" (0= 00) + AZ (max(py, Py) = P*))]

where, o, is the constant initial megapacker pressure, p*, is the constant initial effective

fluid pressure and, in order to simplify the notation, the dependence on the megapacker
pressure o has not been explicitly indicated.
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e Intrinsic permeability

According to equations (2.22) and (2.23), the intrinsic permeability reads

3
kmatrix + @ [bo] Evol ( pl ) pg) < Evolo

1
k(pl’ pg) = kmatrix +E[b0 + (gvol _gvolo)a]s Eyolo < gvol(ph pg) < Epio T (bmax _bO) la

1 3
kmatrix + E[bmax] Evolo + (bmax - bO) la< Evol ( pl ) pg)

where, in order to simplify the notation, the dependence on the megapacker pressure o
coming from &, has not been explicitly indicated.

vol
e Parameter in van Genuchten’s water retention curve

According to equations (2.16) and (2.17), the parameter P, in van Genuchten’s water
retention curve reads

f K.
P , — P . matrix
0(p| pg) Omatr|x3 k(pl, pg)

where, in order to simplify the notation, the dependence on the megapacker pressure o
coming from k has not been explicitly indicated.

e Degree of saturation of the liquid and gas phases
According to equation (2.15) and the constraint S, + S, =1, we get

1\ 4

p_p| =
14| =2 p, > p
Si(PPy) = ( P, ] o

1 pg—pl
1\
Py — P )
1-|1+] -2 p, > P
Se(PiPg) = [ P j o
0 pggpl

49



Deliverable D4.12 FORGE EU FP-7 PROJECT

Or, using the definition of G(s,P,), we get

S, (P, Py) =G(p, — P, Fy)
Sg(pl7 pg)=1_G(pg - pwpo)

where, in order to simplify the notation, the dependence on the megapacker pressure o
coming from PR, has not been explicitly indicated.
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Al.2.First order derivatives of the selected functions with respect to p, and p,

o Partial water and air pressures

opy _ Pgo(T) M, ~
a_pl(pllpg)_ pl(T) R(27315+T)F(pg pl)
op, ~ Pg(M) M, ~
a(pupg)— o) R(273.15+T)F(pg )
opg _ Pgo(T) M, ~
ap,(p"pg)_ p(T) R(273.15+T)F(p9 P)
opg . Pyo(T) M, ~
a(pupg)—l+ o) R(273.15+T)F(pg P)

e Mass fractions in the liquid phase

aa)la _ Ma p:lvO(r) MW _

op, (P Py) = HMW( p(T) R(273.15+T)F(pg p')J
aa)la _ Ma ng(T) MW _
a(p"pg)_HMW 1+ 2,(T) R(273.15+T)F(pg p')]
0" M, [P M, ~

p, (p"pg)_HMW p(T) R(273.15+T)F(Iog p')j
oy _ M, Peo(M) M, ~
op, (P Py) = HMW{H p(T) R(273.15+T)F('Og p')]

e Mass fractions of the gas phase

-2
o M M p M 1 M, p
_g(pl,pg):(l_ a a 9 )j a ( g j

+
op, M, waévo(T) F(pg_pl wa;vo(T) F(pg_pl) R(273.15+T)p(T)
ow”

-2
M
0% (ppp)=—|1-May Mo P, M, ____1 (1+ P ]
apg Ivlw wago(T) F(pg_pl) wagO(T) F(pg_pl) R(27315+T)p|(T)

a
8a)g

M M o, | M 1 M., P,
op, M, M,pgo(T) F(Py— 1) ) Pgo(T) F(p,— P\ R(273.15+T) o (T)

a
Ga)g

-2
PR PGS Y N S PN UY N
P, ? M, M,pSo(T) F(py—p) ) M,pgo(T) F(p,—p)  R(273.15+T)p (T)
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e Gas phase density

apg I\/Iw ap;" Ma 8pg
(pl’ pg) = +
ap, R(273.15+T) op, R(273.15+T) ap,

Pup )M By M, B
op, P TR(27315+T) dp, | R(273.15+T) op,

9

Using the expressions for op;’ /ap,, op; /op, . ap; /op, and opg /ap, , we get

op, M M, Yo, (M,
a—pl(p.,pg)— p,(T) [R(273.15+T)j F (P, p')(l ij

op, M, P My Yoo i M,
ﬁ_pg(p"pg)_R(273.15+T) pl(T)[R(273.15+T)] PP, p')Ll ij

o Effective fluid pressure

ap* _[1 p>p,
6p| (p|7pg) {O pl < pg

ap* _ O pl > pg

Note that if p, = p, these derivatives are not defined.

e Volumetric deformation

o¢,

a *
St py) = 2R
|

0 op,

8‘C"vol

op*
,p,)=2A07
apg ( pl pg ) Ap apg

Using the expressions for op*/dp, and op*/dp, , we get

o 2AEZ  p >
vol (pl’ g) — Ap | g9

0 pl < pg

0O p>p

vol _ g
op (pl’ pg) {2A§F§Z P <P,

Note that if p, = p, these derivatives are not defined.
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e Intrinsic permeability

O gvol < 8vo|0
o) ={ 20+ (ot~ )] o St < i+ (B~ 2
vol

0 8vo|0 + (bmax b )/a <& voI
Since ¢, dependson p, and p,, application of the chain rule yields
ok _dk odg,
op, (PrPy) = dey op
ok _dk oOg,
o, PP T,

Note that if p, = p, these derivatives are not defined.

e Parameter in van Genuchten’s water retention curve

k

matrix

(k) = Omatnx 3 k4

Since k dependson ¢, and ¢,

vol vol

depends on p, and p,, application of the chain rule yields

OP, dR, dk d&q

E(pllpg) ak de_ 8p
| voI |

6P0 dr, dk 85

0 (P Py) = dk de,

pg vol p

Using the expressions of de,, (p;, Py)/0p, and de,, (P, Py) /0P, , We get

dP, dk
2AFP2 20 7 >

%(p“ p.) = ¥ dk de,, Pr=> Py
p, ’

O pl < pg
88 0 pl > pg

vol

—=(p,, Py) = dR, dk
L L L

Note that if p, = p, these derivatives are not defined.
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e Degree of saturation of the liquid and gas phases

Since S, and S, depend on p, and p, via the function G(s,R,)), where s=p,6—p, and
R, =R (P, p,) , application of the chain rule yields

as, 6G &s G &R,
o (PrPe)=——t ="
Y s dp, IR, ap,
op, " osap, OP dp,

859 0G 0s oG 0P,
(P Py) = | oot O
op, os op, OP, op,

oS, 0G os oG R,
(PP = ot
apg 05 apg oP, apg

Using the expressions of 6G(s,R,)/ds and 0G(s,P,)/dP, interms of G(s,PR,), we get

S apo 1 ﬂ/ ]//1 ]/ﬂ A -
oS ——+—|—G"(5,P)(1-G""(s,P) if p,>p
_l(pl,pg): (poz 6p| Poll—/l 0 ( 0 ) g I
P 0 if p,<p
g |

s o 1| A . Vi i,
oS ———— |—G""(s,R)(1-G"*(s,R) if p,>p
y(p.,pgh {Poz op, PoJl—i ol ) oo

g .
0 if p,<p

Using the expressions of oR,(p,, p,)/op, and oR,(p,, p,)/dp, , We get

1) 2 .
oS — |G (s,R)(1-G"*(s,R)) if p,>p
a—p'(p.,pg)= (Pojl—/l 2l ) o
| 0 if p,<p,
s P, dk 1) A .
—S2Ar =0 — = LGV (s,R)(1-G¥(s,R)) if
si(p,, p,) = [Poz ¥ dk de,, PO]1_,1 ( 0)( ( o)) Py > By
" 0 if p, <p,
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Finally, using relation S, +S; =1, we get

1) A4 i,
oS —| = |===G"*(s,P)(1-G"*(s,P,)) if p, > p,
— (P, py) = (Poll_ﬂ ( ) ’
op, .
0 if p, <p
S dP, dk 1) A i,
as —| = 2AFPz o - GY*(s,P,)(1-GY*(s, P if p. >
k (pla p ): (POZ w0 dk d‘c"vol I:)0 1_1 ( 0)( ( 0)) pg pl
ap, ’ .
0 if p,<p

Note that if p, = p, these derivatives are not defined.
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A2. Isotropic Linear Elasticity in Plain Strain and Axisymmetry

Plane strain and axisymmetry of the problem dictate that

(1) The only non-vanishing component of the displacement vector field is u,, the only non-
vanishing components of the strain tensor field are ¢, and ¢, and the only non-vanishing

components of the stress tensor field are o,, o, and o,. These non-vanishing components
are a function only of r.

(2) The strain tensor is computed from the displacement vector according to

(3) The increment with respect to the initial state of the stress tensor is related to the strain
tensor by Hooke’s law,

1
& = E(AO'r -VvAo,-VAo,)

1
&y = E(—VAGI, +Ac,—VAo,)

1
g, = E(—VAGr -VAo,+Ao,),

where E is Young’s modulus and v is Poisson’s ratio. These linear relations between ¢, ,
g,, &, and Ao,, Ao,, Ao, may be inverted if and only if its determinant does not vanish

;—1(21/3 +3°-1) = ;—1(2\/—1)(1/ +1)>#0.

The case v=1/2 corresponds to an infinite bulk modulus K =E/[31-2v)] (material

incompressibility) and the case v =-1 corresponds to an infinite shear modulus
G=E/[2Q+V)].

(4) The balance of momentum in the absence of body forces reads

Two possibilities arise, namely, the material is compressible (v #1/2) and the material is
incompressible (v =1/2).
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A2.1.Compressible Material (-1<v <1/2)

In this case, it is possible to invert Hooke’s law.

E

Ao, = m[(l—v)gr +ve, +Vve,]

AO'B = m[l/gr + (1—V)89 +V81]

E

Ao, = m[v&r +ve, +(1-v)s,]

Using these relations, the expressions of the non-vanishing components of the strain tensor
and the plane strain condition ¢, =0, we get

2
dAc)  E {(1_” ddgr . dﬂ E [(1_V)d u, +Z%—Lur}

ar  (L+v)1-2v) e dr | e d-2v) a2 rdr r?
E E du, . U
A(O'r—O'g)zm[(l—z‘/)(gr—59)]=m[(1—2‘/) ar 1-2v) ; }

Substituting them in the balance of momentum, we get

E@-v) dzur+1du,_& _daf+03—ag
A+v)@-2v){ dr* rdr r? dr r
And, since the initial stress state is in equilibrium and E >0, we get the equation

du du
P—__L4r—L-u =0,

r
dr? ar '

whose general solution is
B
u.(r)=Ar+—,
[

where A and B are constants. Therefore, the non-vanishing components of the strain tensor
read

gr(r):A—E2 and
r
gg(r):A+E2,
r

and the non-vanishing components of the increment of the stress tensor read
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E B
0 e A

E B
AO'B(r):m[A+(1—2V)r—Z:| and
Ao, (r) =#[2VA].

@+v)1-2v)

Therefore, for —1<v <1/2, the non-vanishing components of the displacement vector, the
strain tensor and the stress tensor are

ur(r):Ar+E,
r
gr(r): A_Ez
r
g,(r)= AJrE2
p

E E B

O T e T

o,(r)= E As—E Ez+a§(r) and
@+v)@-2v) @+v)r

o,(r) [2vA]+O'f(r) ,

T L+ v)1-2v)

where A and B are constants. Note that the volumetric deformation ¢, =¢, + ¢, + &, does
not depend on r

gvol (r) = 2A '
A2.2. Incompressible Material (v =1/2)

Hooke’s law with v =1/2 reads

1
& =—I[2A0c. — Ao, — Ao
r 2E[ r i z)]
1
&, =—[-Aoc. +2A0c, — Ao
0 2E[ r g z)]

1
&, =—[-Aoc. —Ao, +2Ac
z 2E[ r I z)]

Adding these equations, we get the incompressibility condition

g +e,+¢,=0
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Using the plane strain condition ¢, =0 and the expressions of the non-vanishing components
of the strain tensor, we get the equation

dur+£:0,
dr r

whose general solution is
B
ur (r) =
r
where B is a constant. Therefore, the non-vanishing components of the strain tensor read
B
&(r)= 7
B
g,(N==
9( ) r2

Since in this case Hooke’s law is not invertible, we will use Hooke’s law and the balance of
momentum in order to determine the non-vanishing components of the stress tensor.

Using the plane strain condition &, =0 and the third equation in Hooke’s law, we have
1

Ao, = E(AO'I, +Ao,)

Substituting this expression in the first equation in Hooke’s law, we get

r

3
= (Ao, -Ac,),
& 4E( o, o,)

which, taking into account the expression of ¢, derived above, yields

4AEB
3r?

Ao, —Ao, =~

Using this result in the balance of momentum, we have that

dAo, +AO'r —-Ao, do? +O'r°—0';J _dAoc, 4EB do? +O'r°—0'2
dr r dr r dr 3r* ( dr r

And, since the initial stress state is in equilibrium, we get the equation

dAo, 4EB

dr 3r?

whose general solution is
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AO'r(r)Z—Zssz—i-C,

where C is a constant. Using the relationship between Ao, and Ao, found above, we get

4EB 2EB

Ac,(r)=Ac,(r)+ = +C.
oy(N) =40, N+ =

Finally, using the expression of Ao, interms of Ao, and Ao, found above, we get

Ao, =%(Aar +Ac,)=C.

Therefore, the non-vanishing components of the increment of the stress tensor read

2EB

3r?

Aae(r)=%+C,

Ao, (r)=- +C,

Ao,(r)=C.

Therefore, for v =1/2, the non-vanishing components of the displacement vector, the strain
tensor and the stress tensor are

0 (==,

r
£(=-2

r

&y(r) =Ez

r

E B .

O'r(r) :—mr—z'FC"—O'r (r),

%r—BerCJrag(r) and
+v

o, (r=C+o;(r),

O-a(r) =

where B and C are constants. Note that the dependence on the parameters E and v is via
the shear modulus G = E/[2(1+V)] .

It is worth mentioning that, in general, the equations giving the displacement, strain and stress
fields for v =1/2 are not the limit as v —1/2 of the corresponding ones for —1<v <1/2.
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A3. Isotropic Linear Poroelasticity in Plain Strain and Axisymmetry

We will consider a porous material made of a solid skeleton, a liquid phase and a gas phase,
whereby the liquid phase and the gas phase fill the pores of the solid skeleton. For this porous
material, a generalized form of Terzaghi’s effective stress principle will be accepted, whereby
the effective stress tensor o} will be defined by the relation

o =0y + P*J; with  p*=max(p,, p,),

where o is the (total) stress tensor of the porous material (solid skeleton, liquid phase and

gas phase) , p, is the liquid phase pressure and p, is the gas phase pressure. We will refer to
p* as the (effective) pore pressure.

A3.1.Drained conditions with constant p*

For an isotropic linear poroelastic material, in plane strain and axisymmetric conditions
Hooke’s law reads

1
g = E(AG; —-vAo,-VvAc,)
1 ) ’ ! ’ !
&y = E(—VAGr +Aoc,—VvAo))

1
g, = E(—V'AO': —-vAo,+Ao)),

where E' is the effective Young’s modulus and v’ is the effective Poisson’s ratio. We will
assume that —1< v’ <1/2, so that Hooke’s law is invertible.

From the definition of Terzaghi’s effective stress, Ao, =Ao, +Ap*, Ao, =Ac,+Ap* and
Ao, =Ao, + Ap*. Using these relations, Hooke’s law reads

!

1 _
& = E(Aar —vAo,-VvAoc,)+ ,V Ap*

1 , , -2V
&y = E(—VAGr +Ac,—VvAc,)+———Ap

1 , , -2V
g, = E(—VAGr ~VAo,+Ac,)+———Ap*.

Thus, in order to determine the non-vanishing components of the strain tensor ¢, , ¢, and ¢, ,
the variations of both the pore pressure p* and the non-vanishing components of the
effective stress tensor o;, o, and o, are needed.

If p* is constant, then dive=dive’ and we can replace the total stress tensor o by the
effective stress tensor o'=oc+ p*1 in the balance of momentum equation. Therefore,
assuming —1<v'<1/2, we can use the results of the previous appendix to find the non-
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vanishing components of the displacement vector, the strain tensor and the effective stress
tensor

u,(r):Ar+E,
[

g ()= A—E2
r
g,(r)= A+E2
r
oN=—>t A _E B oy,
AL+vHL-2v)  @+v)r
o, (r)= E A+ E Ez+a;°(r) and
@+vH-2v") @+vhr
o, (r) E [ZVA] + G;° (),

T @ )12

where A and B are constants. It is important to note that the volumetric deformation
& =&, +&,+¢&, does not depend on r

&N =2A.
A3.2.Undrained conditions

If the pores of the solid skeleton are filled only with the liquid phase (saturated conditions)
and this liquid phase cannot flow, then we are in undrained conditions. If we assume that both
the solid skeleton particles and the liquid phase are incompressible, then the poroelastic
material cannot have volumetric deformations. Consequently, ¢, =¢, +¢,+¢, =0 and,

Vi

Hooke’s law requires that Ao, + Ao, +Ao, =0 which, using the definition of the effective
stress (Ao, = Ao, +Ap*, Ao, =Ac,+Ap™* and Ao, = Ao, +Ap™), is equivalent to

1
Ap* = —g(AUr +Ac,+A0,).
Using this relation in Hooke’s law, we get

1
& =—(Ao, -v,Ac,—Vv,A0,)
u

1
&y =—(v,Ac, +Ac,-Vv,A0,)

u

&y = E—(—VUAGr -v,Ac,+Ao,),

u

where E, is the undrained Young’s modulus and v, is the undrained Poisson’s ratio, and are
given in terms of E' and v' by the relations
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3E’ 1
V= and v, ==.
2(1+v") 2

Thus, in undrained conditions, in order to determine the non-vanishing components of the
strain tensor ¢,, ¢, and &,, only the variations of the total stress tensor o,, o, and o, are

needed. The variation of the effective pressure p* is given above. Note that p*= p,, since in
saturated conditions p, > p, .

Since v, =1/2, we can use the results of the previous appendix to find the non-vanishing

components of the displacement vector, the strain tensor, the total stress tensor and the
effective pressure

B
Ur(r):?,
B
5r(r):—r—2
B
ge(r):r_z
E' B
r)=-— —+C+o(r),
o.(r) )T o, (r)
E' B
O'g(r):mr—z'FC"'O'g(r) and

o,(r)=C+o;(r),
p*(r)=—C+p*,(r)

where B and C are constants.
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A4. 1D Modelling of the HG-A Test

Due to its very low permeability, it will be assumed that the Opalinus clay has an undrained
behaviour. Since the EDZ has a much larger permeability, its contact with both the Opalinus
clay and the megapacker is impervious.

Because of the assumed axisymmetry, the zone occupied by the EDZ is r, <r <r, and the
zone occupied by the Opalinus clay is r, <r. We assume that the effective parameters of the
EDZ satisfy 0< E'™* and —1<v'®™* <1/2, whereas the effective parameters of the Opalinus
clay satisfy 0< E"°™ and —-1<v"°™ <1/2.

The assumed simplifying assumptions imply each slice z =const moves independently and in
plane strain and that p* does not depend on r. Therefore, on each slice z=const we may

use the results obtained in the previous appendix.
A4.1. Solution on planes z = const

On the Opalinus clay (r,<r), as shown in the previous appendix, the non-vanishing

components of the displacement vector, strain tensor, total stress tensor and pore water
pressure are given by

BOPA
b -
BOPA
U (r) = —,
r
BOPA
OPA
&y (r) == rz
BOPA
0~
E/OPA  gOPA
Ac?™(r) =- oPAY o2 T Co,
@+v=")y or
E/OPA  gOPA
AGSA(r) = +C,

(1+VVOPA) r2
Ac%A(r)=C°™  and
Ap*(r) =-C*.

On the EDZ (r, <r<r,) and provided that p* does not depend on r, as shown in the

previous appendix, the non-vanishing components of the displacement vector, strain tensor
and total stress tensor and are given by

BEDZ
us ()= A™r+——

B EDZ

grEDz (r) = AEPZ _ >
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£EDZ (r) = AEDZ B
4 - r.2
AGEDZ (r) _ EIEDZ eoz EIEDZ BEDZ _Ap*
r (1+V!EDZ)(1_2V7EDZ) (1+V!EDZ) r2 !
EIEDZ E!EDZ BEDZ
EDz EDZ
Ao, (r) = (L+ /BP0 ) (1= 20/57) (L+v57) 2 —Ap* and
EIEDZ
AGZEDZ (r) — [ZV!EDZ AEDZ]—Ap*,

(1+ VIEDZ )(1_ ZVIEDZ)

In order to determine the unknown constants B°™, C°™*  A®? and B®"*, we impose the
following conditions

AG™ () =0,
Ac?™A(r) = Ao (),
uPt () =u*(r,)  and
A% (r)=Ac™.

Using the expressions of u>™(r), Ac"™(r), u®™(r) and AcF>*(r), these conditions read

COPA — O ,
2EUOPA BOPA oPA EIEDZ AEDZ 1 2 D7 BEDZ Ap*
N 3re2 - (1+VrEDZ)(1_2VrEDZ) —(1=2v"7) rez —Ap~T,
OPA EDZ
B e r,+ B and
re e
[/EDZ EDZ

2
i

B
AEDZ _ 1_2V7EDZ —A * AO'MP .
(1+V/EDZ)(1_2V!EDZ)|: ( ) :| p

Since C°™ =0, this is a linear system of equations in the unknowns B°™*, A®™* and B®".
The determinant of the matrix of the coefficients of the unknowns reads

B 1 EIEDZ 1_2V,EDZ +rl_2 E!OPA . 1_£ EIEDZ
rinEZ (1+V!EDZ)(1_2V!EDZ) re2 (1+V70PA) re2 (1+V/EDZ) '

Since r <r, and it has been assumed that 0<E'™™, -1<v'®* <1/2, 0<E"™ and
rOPA

—1<v"™™" <1/2, this determinant never vanishes so that this system of equations always has a
unique solution. The solution is given by

AT = AP Ao+ AT Ap*,
B¥ =B Ao+ B Ap*  and

B = BY"Ac + BorAp*,
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B EDZ

EDZ
Ao ! B

Apy !

AEDZ

EDZ
where A wp,

Ao !

properties of the EDZ E'®* and v'®*, the effective properties of the Opalinus clay

FORGE EU FP-7 PROJECT

and v'°™ and the geometry of the problem r. and r,.
(1+V/EDZ) [£7OPA r2
—1]
AEDZ ~ (1+V’EDZ)(1—2V'EDZ) ( ErEDZ (1_+_V¢OPA) re2
Ao T 1EDZ 2 1EDZ rOPA 2
E r 1+v E , I
1_|72 + ( /EDZ ) /OPA (1_2V EDZ)_"T
I, E @+v=") r,
B r2 (1+V/EDZ) [£7OPA r2
1_'7 + -
AEDZ ~ (1+V’EDZ)(1—2V’EDZ) [ rEZJ ( EIEDZ (1_+_V!OPA) reZ
Wpx T /EDZ 2 /EDZ 1OPA 2
E . .
1_L +(1+V ) E (1_2V1EDZ)+L
r2 E!EDZ (1+V¢OPA) rZ
i (1+VrEDZ) [ 70PA , }
/EDZ T /EDZ /OPA (1_ 2v EDZ)
BEDZ _ 2 @L+v") E (1+v"™")
Ao i EyEDZ 1_ﬁ . (1+V/EDZ) ErOPA (1_2 'EDZ)—'—ﬁ
r2 E!EDZ (1+V!OPA) 14 r2
i (1+VrEDZ) [E70PA ! l
/EDZ - /EDZ /OPA (1_ 2v EDZ)
REDZ 2 (L+v"77) E 1+v"")
Ap i E!EDZ 1_L2 .\ (1+V/EDZ) EIOPA (1_2 (EDZ)+£
r2 [ /EDZ (1+V!OPA) v r2
gorn _ gz 0+V'™) —20-v")
Ao i ErEDZ 1_L2 s (1+V/EDZ) E!OPA (1_2V’EDZ)+£
r.2 E/EDZ (1+VIOPA) r.2
- , Z
/EDZ r,
0 2 (L+ V'EDZ) 2 )[1_r2]
PA i
BAp* = E/EDZ r2 14 1'EDZ [EroPA 2
1—-i +( +v'77) (1_2VrEDz)+i
2 /EDZ 1OPA 2
i I, E @+v™") )]

Using these equations, the volumetric deformation in the EDZ is given by

EDz
gvol

(1) =5 (1) +5™ (N = A A" A

hence it does not depend on r.

+ AL AP*)
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A4.2. Influence of the effective parameters of the Opalinus clay

Using the former equations, we see that the dependence of the displacement vector, strain
tensor and stress tensor fields on the effective parameters of the Opalinus clay E'°™ and
"% is via the shear modulus G = E"%"*/[2(1+v"°™)].

Note that at the boundary between the EDZ and the Opalinus clay, we have

o E!OPA 1 o

AcOA(r) = ———————u™(r).
r ( 9) (1+V/OPA) re r ( e)

Therefore, for given values of r, and Ao "(r,), the displacement at the boundary between

the EDZ and the Opalinus clay decreases as the shear modulus of the Opalinus clay

G = E'P/[2(1+v'°™)] increases. In the limit as G°™ = E°*/[2(1+ V)] > w0, we

have

EDZ EDZ 2
AEDZ _ AEDZ _ L+v)1-2v""7) I
Ao T TAp* T E;EDZ I’2 !
1-2y/FP% 4
re
1+VIEDZ l 2VIEDZ
peez - peez - 2 4V ) | and

BOPA _ BOPA _ O
Ao T Papr TV
which imply the relations

A2 = A7 (Ac+ Ap¥) = AT (Ao+ApY),
BEPZ _ BAEaDZ (Ao +Ap*) = BEDZ (Ac+Ap*) and

Ap*

B™ =By " (Ao +Ap*) = By (Ao + Ap*).

Therefore, the Opalinus clay behaves as perfectly rigid and the dependence on the
megapacker traction Ao and the pore pressure Ap* of the displacement vector, strain tensor

and stress tensor fields on the EDZ is via the effective traction (Ao + Ap*) applied by the

megapacker to the EDZ, in agreement with the considered generalisation of Terzaghi’s
effective stress principle.
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A5. Weak form of the problem

Ab.1. Balance of water mass

ww(z){¢ (@' ,S,+0!p,S,) + (@' 0, S, +0!'p,S,) svo.}dz
a4 K.k oy’ k,k op

+ W, (z SDW dl rl Lo " | dz

J.[O,L](dz 3 )j['o' (¢ 1 | oz J oz @ Py “ _8ZJ

d k_k ow” k _k op
+ —W (z S DW dI 9 ' vt p, ———2 |dz
J.[O,L](dz u )j[pg £¢ J oz “a Py y7, 82]

-W, (I—){a)| /0|7/|(p|eXt )+ﬂ|,0| ((a)l )ext 9 )} L

W, (D@5 057, (P = Py )+ Bypy (@)~} )|
M, (t)
(17 =%7)

[0,L]

apl

op,
0z

W, (0) =0

This expression is of the form

WW(Z){A\N(IO.(ZI), Dg(ZJ))d—G(t)}dz

[O,L]
o wolem e Benic menen e t)}dz
+.-[0 L] %ww(z) {D (P (2.0, py(2.0)) op, @D +E,(p (20,0, t)) (Z t)}
+ * %WW(Z) {Fw(p,(z,t), pg(z,t))‘ﬂ (Z,t)%(z,t)}dz

J0.L]

- (4 o
+- [o.L] EWW(Z) {G (py(z,1), p, (2, t))‘ (z, t) (Z t)} z

- (4 N
" o] EWW(Z) {H (p(z,1), py (2, t)) (z t) (z t)}dz

o d { pg }
+ —W W(@) |5 1L, (R (2,1), py (2, t)) (z t) (z.1) bdz

Jo,L]

W, (L) {3,(p, (2,8), py (2 )|
W, (L {K, (p @1, p, @O Y]
W, (L{L, (R (20, p, D) P, (2D

-M,, ()
m(r?-r )

+W,, (0)

e
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where

AN(pI’ pg) = (qupls +a)ngSg)2

B, (P, py) = ¢

C.(p,p.)=d—0
w(Prs Py) ¢®g

w 0w
D..(Pi, Py) = 045D, 8_p|+

W

(a)l pls T o pgS )+(a)IWpISI +a)gvpgsg)2AAp*

(@' S, + @y pySy) + (0" S, + &) pySy) 2,

W@

E (pl7pg) pI¢SD +pg¢s
op,
k k 0"
F , — dl rl I
(P pg) A4, 1w op,
k. k 0"
G, (P, p,) = pd} 1= CA
,Ll| apg
(P D.) = | K, k8w

p,d

1" Mg g g 1, apg

Ju (P Pg) =— {a)l YA +ﬂ,p|((60|)

{0} oy, B+ By (@)™ -

Ku(Pis P) =" oy
L\N(pl’ pg)zwgvpgyg

pg¢sg Dg

FORGE EU FP-7 PROJECT

Pp*
|
ap*
op,
w aw;v w krIk
+ o p
| H
, 0] k. Kk
9 a)gv P, g
" ap, Hy

=
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Ab5.2. Balance of air mass

a a a a a agSVO
Wa(Z){¢a(a)| pISI+a)gpgSg)+(a)l P|S|+0)gpgsg) 8t I}dz
+I (iwa(z)j o | #S,D) +d] —1= k”k oar + o p, Kk OB dz

o7\ dz 0z L, oz

d k_k ow? k_k op
+ —W._ (z S DW dI 9 '+ ot B__9 |4z
J.[O,L](dz o )j[pg [¢ g J oz “aPq Ly 0z ]

W, (L) {0f o (PF - p1)+ i (<w. )e“ ~af')f|

W, (L){a) Py7q (p;Xt p9)+189p9 ((a);)eXt —a);)}
M.(t)
w(rF-r%)

[0,L]

apl
0z

op,
0z

z=L

_Wa (O)
This expression is of the form

Wa(z){&(p.(z,t), pg(z,t))d—a(t)}dz

[0,L]

+ .[0 L]W (z){B (p(z,1), py (2, t)) (z t)+C,(p,(z.1), p, (z, t)) (z t)}dz
+..[0 T %Wa(z) {D (p|(z t) pg (Z t)) pl (Z t)+E (pl(z t) pg (Z t)) (Z t)}
+ * %Wa(Z) {Fa(pl(z,t), pg(z,t))‘% (Z,t)%(z,t)}dz

J[o,L]
+.'[0 ] %Wa(z) {G (p|(z t) pg (Z t))‘apl (Z t) pg (Z t)}

. d p,
" o] EWa(Z) {H (p(z,1), py (2, t)) (z t) (z t)}dz
+ * iw (2) {I (p(z,1), py (2, t)) (z t) (z t)}dz

J[0,L]

AW, (L) {3, (P (L, 1), py (L, 1)}
AW, (L) {K, (P (2,0, by (20) P (2]
W, (L) {L, (P (2,0, py (2,0 P, @D

{
{
{
+Wa(0){ M. }

z(r? —r?)

e
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where

A%(pl’ pg) = (cqapls +a)apgsg)2

a *
B, (P11 Py) = = (w. DS+ 00,8, + (@S, + 07 pyS,)2A, 0 T
|
ap*
C (pl’pg) ¢T(a)l pls +o pgsg)+(a)l pls +o pgsg)ZAA ap
g
w 0} awa . kk
D.(p, Py) = £#S,D, +p,95,D =+ of p =
op, | H
W@a)a Waa)a a krk
Ea(pl1pg):pl¢SIDl £+pg¢Sng apj + @y Py ,ugg
k. k 0
F.(p. py) = pid] = —-
(P, pg) A4, 1w op,
k. k o’
G,(p. py) = pydl) ~=
ILII apg
H, (b, py) = pyd, KK 0%
p,.d
e ’ g Iug apl
K, k@a)
I (pl’pg) pg g ap

9 9

3u(p Py) =—{ @ i 07 + B (@' )™ — ' )|
_{w;pg}/g pSXt +ﬂg ((a)gpg)eXt _a)gpg )}

K. (P Py) = o7,

IT-\(pI’ pg) :a);pgyg
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A6. Shape functions, their derivatives and some related integrals

If the nodes on the domain [0,L] are located at z' (1=1,...,N, z'=0, z¥ =L), and we
denote by w'(z) the shape function associated with node I (1 =1,...,N), then

A6.1. Shape functions

The N linear two-noded shape functions associated with the N nodes read

2_22 1< < 2
W)=i7-2 0
0 z22<z<zV
0 t<z<'?
-1
i I’1<Z<Z|
| ZI_Zl—l
w' (2) = ™ (1<l <N)
+
-1 S <7<l
J' 4 =f=
0 z't<z<
0 t<z< Nt
N
w" (2) = _ N-1
(@) -7 N-1 ¢ 5 < N
SN _ N =

Clearly, they are continuous, satisfy the conditions w'(z’)=¢6" (1,3 =1,...,N) and are
linear on each finite element [z',z'"] (1 =1,...,N =1).

A6.2. Derivatives of the shape functions

1
dw! —— 7'<z7<7°
o W7
0 22<z<z®
0 t<z<'?
1 _
| <z <7
W =gz -2 ( )
—(2)= 1<l <N
dz 1 7' <7<z
7l 4 =f=
0 2't<z<
e 0 <z Mt
(z)= 1 N1 \
dz 2" <7<z
SN _ N1
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A6.3. Integrals of the shape functions and of their binary products

. 2 1
w(z2)dz = 2 =%
Jio,L]
o 41 11 1+ 1 ]
W'(z)dz:Z Lz —zrz (1<1<N)
JioL] 2 2
. N ,N-1
wh (2)dz _r -z
Jio,Lg 2
. 72 _ 7t
wH(z2)WH(z)dz =
JioL]
- 1+1 1-1 +1 Sl | 1-1
W ()W (2)dz=f—£ _F ~% 272 (1<1<N)
Jio 3 3
- N N-1
wh (2)w" (2)dz = z 2
JioL]
. 1+1 |
w' (2)w'*(z)dz = 2 ~? (1<1<N-1)
Jio,L]
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A7. Nodal Equations

A7.1. Balance of water mass

[ wofAE @0 v @0 Lo}

+..[0 e {BW QW @p ), 2 W (@) ps (1), W (2) M(t)}olz
+..[0 L (Z){C QW @M, 2 W (@ py ()W (z) (t)}dz

MGG {D (3, @0 0.3, w P )T, S @) (t)}

J[0,L]

Jo,L]

N ddﬂz(z) {EW(ZK\NK(z)le(t),ZLWL(z)p;(t))zJﬂz(z)p;(t)}dz

+ —(Z) |X
Jo.u\ dz (2)

{FW(ZK we (2) p (1), D, W (2) py (1)

dw'
*L,uf?z)]x

{GW QW @p (1), 2, W (2)pg (1)

dw'
*L,L](E(Z)jx

{HW(ZK we (2) pf (1), D wh(2) py (1)

dw'
*L,L](E(Z)]X

{lw(ZK we (2) p (1), D, W (2) py (1)

Z ( )p" ()‘Z —(2)p (t)}

! (t)}dz

dw’ ;
D E(Z) P (t)}dz

’ (t)}dz

Zﬁ%(z) o (t)‘zM aw

Zjdlz(z) o ()

> 2@ o)y,
' (L){3, O, W L) P ), 2, wH L) ps (1)}
AW (L){SK, O, W (L) (), D, W (L) py ()} P (1)

' (L) {8 L, WA (L) R (1), 3, wH (L) py (1)} g (1)

{
o
! (0){ M, }

jz-(re - )
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A7.2.Balance of air mass

j[o w (Z){AAZ w (2)p/ (1), D W (2) py (t)) (t)}dz

+ .[O L]W' (Z){ B,>. W (2)p (1), D W (2)py (1)), W’ (Z)%(t)}dz
. i’

+ o L]W' (Z){Ca(zK w  (2) pf (), D W (2) p;(t))szJ(z)%(t)}dz

Jo.L]

S )o@ oo T wonoL, 5 o o)

N Oijﬂz(z) {Ea(ZKwK(Z)p.K(t),ZLWL(z)p;‘(t))ZJdﬂz(z)p;(t)}dz

J[0,L]

) w
+ —(2) |x
Joog\ d (2)

{Fa(ZKwK @) P, W@ pre)[3, OI%(z) oY (t)

dw'
+J‘[0,L]{€(Z)jx

{Ga QW @ P (), 2 W (@) py (1)

dw'
+JA[0,L]{€(Z)}X

{Ha(ZK w  (2)pr (1), D, wH(2) py (1)

dw!'
+J‘[0,L]{€(Z)jx
{Ia<ZKwK(z) NODINEGING)II %(z) py' (t)
+w' (L) {3, W L) P ), D, W’ (L) py ()]

AW (L){SVK, (X W (L) p (1), 2 wH(L) py ()} pi* (1)
W (LD{) L WH (L) @), X wH(L) py (0) ] Py (1)

{
tor
! (0){ M. }

z(r; —17)

dw’ ;
Do e (2)p (t)}dz

dw" "
>, F(Z) P (1)

dw’ 5
D E(Z) P, (t)}dz

dw" "
ZJ ?(Z) py (O

dw’ 5
D 4 (2)p, (t)} dz

> O'dﬂza) p; (t)}dz

75



Deliverable D4.12 FORGE EU FP-7 PROJECT

A8. Element and node matrices and vectors

A8.1. Matrix C[Z. iy

1+1

The elements of the matrix C corresponding to the element [z',z'"] are

[ZI ,ZHl]

Can[P (), p; ®)]= w' (z)w' (2)B,[p,(z,1), p, (z,1)]dz

[ZI ,ZIH]

C,. [P (®). py (D] = W' (2)W' (2)C, [P, (z,1), Py (2,1)]dz

[ZI,ZIA]

ClA Pl @), P )] =j[ W @W @B, IR (20, (20

Cotal P (1), py (V)] = w ()W (2)C, [Py (2,1), Py (z,1)]dz

[ZI YZI+1]

CHIA O 2 O1=[ W@ B.[n (D). p, (2,01

C.P [P (1), py (D] = w' ()W (2)C,[p(z,1), py(z,1)]dz

[ZI ,ZHl]

Caral P (0, py (O]= w ()W (2)B, [P, (z,1), p, (z,1)]dz

[ZI YZI-+-1]

clorp . prml=[  w@wEc.p @, p, (2.b]dz

[ZI,ZHI]

Con '[P (1), Py (D] = [ wrew (2)B,[p(z,1), py(z,1)]dz

[ZI YZI+1]

Con ° [P (1), pg (] = [ weew (2)C,[p(z.1), py(z,1)]dz

[ZI YZI+l]

Connl P (0, pg (0] = [ W oW @B, Ip e, Py (z,0)]dz

Jiz' 2

Comil P @, Py ] = . w ()W (2)C, [Py (2,1), Py (2,1)]dz

[ZI ,ZHl]

Ca'Ip (), py (D] = w ()W (2)B,[py (2,1), py (z,1)]0z

[ZI,ZIA]

C. [P @), py (V1= w ()W (2)C,[p (1), py(z,1)]dz

[ZI YZI+1]

CLHIPK (), pE ()] = j[ W @W R @BIR (.Y, (2 012

Carilp (1), py ©]= w ()W (2)C Py (2,1), py (2, 1)]dz

[ZI,ZHl]
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A8.2. Matrix K[Z. iy

1+1

The elements of the matrix K corresponding to the element [z',z'™] are (1/2)

[ZI,Zl l]

_ 1
( I+1 I)Z [Z 2 ]

[F [P (z,1), py (2, t)]‘ H(21)

;
(2" =z2")? J 2y

(Gw[p.(z,t), pg(z,t)]‘%(z,t)
[z' 2"

Ky [P (1), py ()] = D,[p, (2.1), p, (z,)]dz

L1
( I+ A ) [2',2"

Kot IR @), pgy ()] =

pg 2.

+H,[p (z.1), py(z,1)]

Je
"
Je
)

E,[p (2.), P, (2.)]dz

1
t T
( 1+1 -7 )

il B O, 25 O1= )j D[P (2.1). p, (2. )]dz

ap
+1,[p(z.1), py(z,1)] a—zg(Z,t)

1
(I+1 Z)

KR @ PO =~z [ Eulpi(20), py (2 0]z
(Z -7 ) [2' 2]

(F [p,(z.1), p, (2 t)]‘ L(z,1) pg @b
[ZI ,ZI+1]

+H,[p(z,1), py(z,0)]

1

op,
( PR Y Z) E(th)

[Gw[pl(z,t). Pg(Z,t)]‘%(Z,t) +1,[p(2,1), py (2, 1)]
[2' 2"

KU [pE (1), pE ()] = — )j D,[p,(z.t), p, (2,1)]dz

(z

< [Fa[p.(z,t), pg(z,t)]‘a—p'(z,t)
[z'.z2'"" Z

+
( I+1 -7 )
KatIp @), pgy ()] =

op
+HLIp (20, p, 20122 (@)

e
J
J
Je

s IR CICEEN O

L1
( ak A ) [2' 2]

Karal P @), pg (0] =

pg 2.

(G [P (z.1), py (2, t)]‘ (20| + 1L Ip (z,1), g (2,1)]

D.[p (z1), py(z,1)]dz
( ) [z',2']

FIp (1), p, (2, t)]‘ﬂ(z t)

[ZI ZI 1]

+H,Ip,(2.1), p, (2.1] pg 2.

Katalp @), py ()] =- E.[p,(2,t), p, (2,1)]dz

(I+l 2')? Ji 2y

L [G [P, (2.1) p, (2 t)]‘ (2,1)
[z' 2"

pg
Ty (z,1)

+1.[p (2,1), py(z.1)]
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The elements of the matrix Kot g corresponding to the element [z',z'"'] are (2/2)

KM IRE (), P ()] = —— s j D, (z1), p, (z.1)]dz
@2y J oy

1

VATENTY) +HW[p,(Z,t), pg(zat)]
(2" -2')

0
(FW[Q(ZJ), pg(Z,t)]‘%(Z,t) %(Z,t)
[ZI’ZI+1]

}dz
sz
jdz
]dz

]dz
jdz
]dz
]dz

1
(2" -2")? J 2y

[Gw[p.(z,t), pg(z,t)]‘%(z,t)
[z',2'] z

Kun °IR (), pg O] =~ ——% E.[p (2.1), py(z,1)]dz

1

op,
Ty E(Z,t)

+1,[p(2,1), py (2. 1)]

Kaira[p (t), py ()] =+ D,[p,(z.1), p, (z,t)]dz

( I+l _ ) [2'.2'"

: [lep.(z,t), pg(z,t)]‘?(z,t)
[2',2"] z

T e +H,[p(z,1), py(z,1)]
(2" -2')

apg
—2(z,t
p (z,1)

;
(2" =z2")? J 2y

(Gw[p.(z,t), pg(z,t)]‘?(z,t)
[z',2'"] z

Kardlp @), py (0] = E,[p,(2.1), p, (z.)]dz

1

op,
+ﬁ E(Z’t)

+1,[p(2,1), py (2, 1)]

PO Y0 — j D,[p,(2.1), p, (2. )]dz
@2y J oy

1
(I+1 Z)

R O e I LICON NG

op, P,
[Fa[p. (z,1), |Og(2,t)]‘—az (z,0)|+H,[p (z,1), py(z,0)] 3 (z,1)
[ZI ZI+1]

3 1
(I+1 Z)

Ka,ﬁ;[ P (1), pg ®O]=+

P Py
(Ga[pl(z,t), pg(z,t)]‘ o, 2O+ LIp(2.0), p (2.0] —=(20)
(2! 2] z 674

1
G ) PR 2 00

: [Fa[pmz,t), m(u)}‘%(z,t)
[2' 2] Z

+
( I+1 —7 )
Kab2[p (t), ps )1=

6pg
—(z,t
P~ (z,1)

+H,[p (z,1), py(z,1)]

;
( I+l ) [ZI,ZHl]

[Ga[p.(z,t), m(zm)]‘%(z,t)
[ZI ,ZI+1]

E.[p(z.1), py(z,1)]dz

1

+( 1+1 —7 ) + Ia[pl(zlt)’ pg(z!t)]

op,
—(z,t
pe (z,t)
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A8.3.Vector g, ..,

1+1

The elements of the vector O g corresponding to the element [z',z'™] are

9P’ (), g (t).] Z—I w' (2)ALp (z.1), pg(ZJ)]d—G(t)dZ

[z'2"

0![PX (1), pL().t] = - j W (2)ALp (21, p, (2. t)] % )z

[z'.z2'"

0T O P50 WAL, py 0152 )z

,Z

G0 R O01=—] | w@ALD (20, p, (01O

,Z

A8.4. Matrix KZN

The elements of the matrix K , corresponding to the node N are

Kan [P @), py 1= K, [p (L1), py (L, 1)]
Kan [P (©), py (01 =L,[p (L,1), p, (L, 1)]
KR (1), py (0] = K [p, (L1), py (L, 1)]
Ko [P @), py (0] = L[ p (L.1), py (L, 1)]

A8.5.Vector g,

The elements of the vector g, corresponding to the node z' are

GLIPL (D), pL (0,11 - ) _
”(re - )
G (), Py (0.1 =

A8.6.Vector g,

The elements of the vector g , corresponding to the node " are

9w [0 (©), Py (0,1 ==J, [Py (L, 1), Py (L, 1)]
g;\l[le (t)’ p;— (t)vt] = _‘]a[pl (L’t)! pg (L’t)]
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